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PREFACE. 



The modem history of Optical Science may be considered to 
commence with the discovery of the law of the refraction of light, 
by Snellius. To Huygens we are indebted for the discussion 
of the aberration of pencils refracted by spherical surfaces of 
media, and he applied his investigations to the construction of 
his double eye-piece, which remains in high estimation to the 
present day. By good fortune he secured in it the condition 
required for achromatism, in addition to the advantages of reduced 
spherical aberration, to which his views were directed, although 
the conditions for achromatism in eye-pieces were not discovered 
until long afterwards. 

Sir Isaac Newton having discovered the unequal refrangibility 
of the diflferently coloured rays of the spectrum, shewed the great 
eflFect of the chromatic dispersion in producing indistinctness of 
the optical images produced by lenses. 

The discovery of the diflFerent dispersive powers of diflferent 
media by Mr. John Dollond, in 1757, and his most successful 
application of his discovery to the construction of the object- 
glasses of telescopes, gave a new impetus to the mathematical 
theory. 

We find Clairaut,* D'Alembert,t Euler,J and Boscovich,|| 
almost simultaneously investigating the properties of refracted 

* M^moires de I' Academic, 1756, 1757, 1762. 

t Opuscules, Vol. III. 1764. 

X The results of many previous papers condensed in his Treatise, Dioptrica, 1769. 

II Dissertationes quinque ad Dioptricam pertinentes, 1767, and Opuscules, 1785. 



pencils, and they have left us their results in laborious and elegant 
analysis, with, however, great room for improvement in aimplicity 
of method. All these eminent mathematicians investigated the 
conditions for aplanatism as well as achromatism in the object- 
glasses of telescopes. Clairaut, in addition, also investigated the 
aberration in obliquely refracted pencils, and proposed to correct 
this effect as well as the direct aberration. D'Alembert discusses 
the primary and secondary foci of a refracted pencil, Boscovich 
first shewed that the chromatic dispersion of a single eye-glaas 
could not be corrected, except for the point of the image upon the 
axis, by any foi-m of the achromatic object-glass; and he dis- 
covered the construction of the double achromatic eye-pieces, 
which were hence called Boscovich'a eye-pieces. In his later work, 
he finds the condition of achromatism in combinations of several 
lenses in eye-pieeea. Euler discusses the angle which a given 
refracted ray makes with the axis of the lens, and compares the 
relative magnitudes of an object and its image, or successive 
images, by means of exeentrically refracted rays j be also employs 
the analytical condition for achromatism in combinations of lenses, 
as used in the eye-pieces of telescopes, but does not keep in view 
practical cases, during his discussions. 



If these various problems had been fully investigated in the 
neatest and simplest manner of which they admitted, and their 
results carried out to the cases actually arising in optical instru- 
ments, little would have been left for succeeding mathematicians 
to accomplish. They, however, left the mathematical theory so 
diffuse and complicated, that few will have had the patience to 
master entirely their methods, which have hence long remained 
almost unfruitful. 



We do not find that any very important advance in the mathe- 
matical theory was made after the above-named illustrious mathe- 
maticians, until the Astrouomer Royal, Mr. Airy, in his paper, in the 
"Cambridge Philosophical Ti'ansactions," Vol, ii, rendered to optical 
science the great service of applying Euler's analytical method for 
achromatism to the combinations of lenses for eye-pieces, which had 
been discussed through circuitous methods by Boscovich. He also 
undertook, in his paper on the spherical aberrations of eye-pieces. 
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in the next volume, the discussion of oblique pencils through the 
primary and secondary focal lines, and the nearest approach to a 
symmetrical area between them, or the circle of confusion, as the 
focus of each pencil. He also employed the directions of the axes 
of excentrical pencils to explain the distortion of images. 

These discussions, through the circle of confusion, apply to 
exceedingly small pencils only when the obliquity is small, because 
the aberration is neglected, and hence the parts of the field of 
view out of, but near the axes of lenses, cannot be considered as in 
the actual case of instruments to have been discussed, although for 
considerable obliquities, when the aperture is not very large, the 
results are good approximations. These papers of Mr. Airy 
induced Mr. Coddington to re-write his Optics, so that his work, 
published in 1829, is not the third edition of his first Treatise, 
but a new work, and is the one referred to in the present Treatise. 

To find the form of the image in any actual case arising in the 
use of instruments, it is clear that the oblique aberration must be 
considered, and the formulae put in such a workable shape, that 
the form and curvature of the image can be traced. Amidst the 
complication which the higher optical formulae assume, the author 
has succeeded in obtaining working formulae, which enable him 
now for the first time, as he believes, to trace the forms of the 
images, and to find the lenses possessing the desirable properties 
of more correct images for various given cases, and hence to discuss 
the properties of eye-pieces more accurately. 

The eflccts of the oblique aberration in the achromatic lenses 
constituting the powers of the achromatic microscope, were disco- 
vered from experiment by Mr. Lister, and published in his paper, 
in the " Philosophical Transactions^^ for 1829 ; and the astonishing 
advance towards perfection which the microscope has in conse- 
quence attained, unaided by mathematical theory, has been a reflec- 
tion on the state of mathematical physics. It was clear that no 
creditable Treatise on Optics could now be undertaken without 
discussing Mr. Lister^s discoveries, and if possible to find new pro- 
perties which experiment could not be expected to reach without 



the mathematical theory. To some extent the author considers 
he has filled up this desideratum, and carried theory again in advance 
of practice. 

The old approximations for the aberration applied sufficiently 
accurately to the object-glasses of telescopes, where the refracted 
pencil seldom exceeds 3" or 4P in angular diameter; hut as the 
refracting microscopes are now constructed so that their object- 
glasses bring very accurately, incident pencils of upwards of 90" 
angular diameter, to a focus, the second approximations can apply 
only imperfectly to such cases, and hence the author considered 
that the formulse for the third approximations ought now to be 
investigated. 

From their increased complexity, these formulie may not be 
immediately apphed to practice, yet in some future improved state 
of the world of science, when the mathematician, the computer, 
and the working optician, shall be brought into harmonious action 
together, from the necessity to secure further advance, the author 
trusts they will be found useful. 

It has been said in optical treatises, that although a parabolic 
mirror would give a correct image of a star at the focus, yet the 
image would not he correct when out of the axis; this seems 
to leave room to doubt the great advantage of a parabolic over 
a spherical mirror in the Newtonian telescope, and hence it became 
desirable to discuss the aberrations of elhpBoidal and parabolic 
mirrors for obhque pencils, as will be found performed in this 
work. 

The author found that the expressions for the reflexion and 
refraction tif pencils at spherical surfaces could he carried one step 
further without approximation, than has hitherto been done, and 
he has hence availed himself of that method. He has studied 
each proposition, to find what he considered the simplest method 
of treatment, knowing that to many students, optical formulas 
seem sufficiently discouraging without any unnecessary complica- 
tions or developments. For this reason also he has omitted 
propositions which had less immediate practical bearing. 

The notation introduced by Mr. Coddiugton must now be c 
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sidered so far established in this country, that only partial devia- 
tions from it should be used. To his last Treatise, which will long 
be held as the foundation on which succeeding treatises have been 
constructed, the student is referred who wishes for more extensive 
study. 

To Sir John Herschel also the scientific world is greatly indebted 
for his excellent Treatise on ^ Light/ in the " Encyclopaedia Metro- 
politana." The student will there find many optical developments 
not to be found in elementary treatises. 



LONDON, 
DECEMBER, 1850. 
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Pago Line 

10 19 for NRm in some copies read N'Ru. 

19 14 for triangle read triangles. 

20 6 /or iL read—^ 

29 in the figure the upper 6 should be b\ 

67 5 for qfi read q\R. 

71 1 for q^ read q\, 

73 11 for (ji—l read (jjl—I), 

76 17 for unread u\ 

95 12 fora^'^readx^r*. 

104 1 for fi cos I read fi cos i. 
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136 in the figure at the left hand /or 0' put 0. 
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16U in the figure at the left hand M should be M'. 

161 6 /or-l = rfad -^ = 0. 

II u 

166 23 for * furthest from ' read * nearest to ' ; add also at the end of 

the sentence — * the best achromatic powers now contain 
eight lenses, having triple lenses above and below, with 
a double lens between them.' . 

182 21 strike out the word his. 
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PART 11. 



CHAPTER I. 

ON APPLICATIONS OP PHOTOMETRY. 

Repebbing to the introductory chapter^ Pabt I. ; we have the 
intensity of the lights falling on any surface^ measured by the 
quantity of lights or the number of equally bright rays, which fall 
on a unit of area, supposing the intensity uniform : and the inten- 
sity at different distances &om the same luminous point varies 
inversely as the square of the distance. 

Let / represent the intensity at a distance unity from a luminous 
origin, and consequently 4^/ represents the whole radiant Ught, 
since 4fKr^ is the area of the surface of- a sphere, and here r=l, 

then the intensity at a distance D is j^, and the quantity of light 

falling directly on a small plane area a at the distance D, is a . -=^. 
If the light falls obliquely on the small plane area, and at an angle 
of incidence i, then the quantity falling upon it is, -j^.a.cos. i. 
{Cor. Art. 8, Pabt I.) 

If now we take a an elementary area upon any illuminated 
surface, and find the expression for the quantity of light falling 
upon it, the integral between the proper limits, will give us the 
quantity of light faUing on the whole surface. 

B 
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Article 1. Proposition. To find the qttantity of light from 
a luminom pointy directly above the pole, which falls on a plane 
sectorial area. 



Let ASB be the sectorial 
area; F the position of the 
luminous origin in the per- 
pendicular to its surface SF; 
and the height SF=h. Let 
pq be an elementary area^ of 
which the polar co-ordinates 
are Sp=r, ASP=^d, and the 
area otpq z=r.dd,dr. Then the 

distance F^= V^A^+r^, and 
the angle of incidence=i= ^pFS. Using the notation just ex- 
plained, we have, the quantity of light falling on p5'=-^ . a . cos. t 



B 




rdd . dr 



rdr . d6 



\^¥Tr^ 



=Ih 



(^4-r8) 



i 



and the whole light falling on the sectorial area ASB=^ 



'iir 



rdr,d6 



(A^ + r^) 



which being integrated between the given limits, when the polar 
equation of the curve APB is known, gives the quantity of light 
required. 



Example 1. Let the sectorial area be a quadrant of a circle 
of which the radius is a, then the quantity of light faUing upon it 
is given^by the expression 



' 1 ^h^ + a^ J 
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Ex, 2. If Fis the place of a light at a distance h above the center 
of a circular table, the light falling on the table 

=2^/x versed sine of half the angle subtended by the 
table at F, 

Ex. 3. If a luminous point be in the middle of the axis of a 
right cylinder, we find the light falling on each end by the last 
example, and subtracting from the whole radiant light, we have 
the quantity falling on the concave surface 

=49r/x cosine of half the angle subtended by each 
end. 

Ex. 4. The light falling on any solid of revolution from a 
luminous point (F) in its axis is found, as in Ex. 2. 

=2w/xversine of half the angle of the cone with 
vertex F, which envelopes the solid. 

Art. 2. Prop. To find the intensity of the transmitted light 
at a given depth in a dense medium, when the proportion lost by 
dispersion and absorption in passing through a unit of depth, is 
knotim. 

Let- / = the intensity of the light at entering the medium. 
yy I^z=. . . . . at a depth 1. 

„ Zj = . . . . . .2. 

., /8= 3. 

„ /. = t- 

1 

Let — be the proportion lost in traversing a unit of depth ; 

and Jlf=l , 

m 






then Ji 

V m / 

1 \2 



'■-.(> -i)='0-^) 



B 2 



- - - ■ 



..=4(l-^)=/(l-^/ 

and similarly for any depth t, 



By this formula we can find the portion of the snn's hght which 
penetrates the water of the ocean to a given depth, when the part lost 
in passing through any given space has been measnred. It alao' 
suffices to determine the part transmitted by lenses of given thick- 
nessesj when the effect of the glass of which tbey are made is known ; 
the reflexion at the surfaces being separately taken into account. 



Art. 3. Prop, To investigate a method of measuring the 
light transmitted by a given object-glass of a telescope. 



Let the figure represent a horizontal section of a photometer 
through the small fiamea of the lamps Q and q^, which ara used ; 
g^ representing the horizontal section of a parallelogram of paste- 
board 40 to 50 inches long and 2 or 3 inches broad, which is 
blackened on both aides, or still better, covered with the most 
non-reflecting substance, black cotton velvet. An upright screen, 
whose horizontal section is BD, at right angles to gf, has an aper- 
ture at mn covered with the thin tissue paper which is used to take 
copies of written letters by pressui-e. This aperture being bisected by 
the upright end of the pasteboard at /, has its respective halves 
illuminated by the fights Q on one side, and g-j or q^ on the other 
side of the pasteboard, and the equality of the illuminations is 
judged by an eye at e, there being no other lights present but 
those of the photometer. Let Q be the determined position of 
one of the fiames, and q^ that of the one on the other side of the 
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pasteboard when thejr illuminate their respective lialves of the 
tissue paper equally. Let then the object-glasB C be interposed 
between Q andyn ,■ the eye will now see the iUmninations on the 
tissue paper to he unequal, and the other flame will require to be 
moved to some new position as q^ to make them again equal. The 
position of q^ will depend on the condensing power of the lens, and 
on the portion of light lost in passing through it; the former 
effect being calculated from the focal length and the position of Q, 
the latter is determined from the results of the experiment. 

To find the intensity which the trauBmitted hght woidd have 
had if it had Dot been condensed into a smaller area by the effect 
of the lens, let Q in the annexed figure represent the position of 




the flame, C that of the lens, and AdB the place of the screen ; 
let QC— u, Cd= d, f= the focal length of the lens, and a = radius 
of its aperture. The hght diverging from Q which falls on the 
lens, would have illuminated a circular area AB if the lens had not 
been interposed, but when emergent from the lens it will diverge 
from the focus q, which is conjugate to Q, and illuminBte the 
circular area ab. If qC=v we have (Part I. Art. 65.) 



area of circle ab 
area of circle AB ' 



V u f 
-{Adf 

"Fir 



„ intensity of the light if spread over AB area of circle ab 
' intpnuitv fif i\ip qn-mt^ liirVit fwfr nh area of circle AS 



intenaity of the a. 



light over ab 



-.-FDf 



and, refen-ing to the first figure, we have from the experimentai 
result 



intenaity of the light condensed on ab 
intensity of the light direet from Q 
Compounding with the previoua result we have 
intensity of the traaEmitted light if not condensed 



'{q^mf 



intensity of the direct light 



0(' f(ii^ 



By this method a very fine double achromatic object-glass 
of four inches aperture and six feet focal length was found to 
transmit about sisty-aix raya out of every one hundred incident. 
As the apertures of object-glasses of telescopes are increased, the 
thickness of the lenses must be increased also, and hence the loss 
of light wUl be greater than in smaller ones. If the crown or plate 
glass of which the convex lens is made has much colour, the loss 
of light will be much increased. 



Art. 4. Phobiem. To compare the intemily of the light of 
the heavenly bodies beyond the limits of the atmosphere, with that 
at the earth's surface. 

To solve this problem rigorously we should have given the den- 
sity of the atmoaphere at all altitudes to which it extends, and the 
portion of light transmitted (differing with different seasons and 
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climates) through given spaces for any given density, but we may 
ezpect to obtain a good approximation by taking the height to 
which the atmosphere would extend, if its density, at all altitudes, 
were the same as at the earth's surface, at the mean ; and sup- 
posing that hght is transmitted through this homogeneous atmo- 
sphere as it is at the earth's surface. 

Bouguer concluded from his experiments, that light was dimi- 
nished in the ratio 2500 to 1681 in passing through 7469 toises 
(9.046 Enghsh miles) of dense air; which was nearly the ratio 
of the sun's light traversing the atmosphere at the summer and 
winter solstices at Croisic, his place of residence. 

To apply thia to the formula /,=/Jlf of Art 2, with t expressed 
in miles, we have 



which gives M = ( ^^00) 



l,25007 
= . 95707. 

Supposing that the earth's atmosphere, if homogeneous, would 
extend to the height of 4.9 miles, and / were the intensity of hght 
from a heavenly body beyond that limit, we have for the intensity 
at the earth's surface, after traversing the atmosphere vertically, 

=7(.80655) 
or nearly one-fifth of the light traversing vertically tbc earth's 
atmosphere is absorbed, or dispersed. 

To find the proportion absorbed when a heavenly body has any 
given zenith distance, we must find the distance t through which 
the light passes within the homogeneous atmosphere, and apply it 
in the preceding formula. 

Let be the center of the earth, AA' the surface, z the lenith 
of the place A, in the radius OA produced, j4a=thc height of the 



8 
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homogeneous atmosphere determined from 
the formula 

9 

where h =tlie height of the barometer 
P =the density of the mercury, 
p' = . . . of the air, 

then A O the radius of the earth being known ; 
0B= Oa, and the zenith distance zAB being 
mLso known, we have AB=i by solving the triangle OAB. 

I M* 

The formula -~-=-=f^=3f^'"''^ gives the ratio of the intensities 

for two different altitudes when / and t' have been found. 




CHAPTER 11. 



ON THE REFLEXION OP LIGHT BY PLANE AND CURVED MIRRORS. 

In this chapter we have to discuss the higher propositions of 
Catoptrics which were omitted^ or only mentioned^ in Part I. 

Art. 5. Prop. To find the direction of a ray of light after 
being reflected by two plane rmrrorsy the planes of reflexion being 
any whatever. 

Let 8A, ABy BT be the course of a 
ray which is reflected at A by the mirror 
LMy and at B by the mirror KO; NA, 
nB being the normals to the mirrors re- 
spectively. 

If 8A were one of a pencil of parallel 
rays^ the reflected rays would be all parallel 
to AB; and similarly after the second re- 
flexion each ray would be parallel 
to BT; so that the deviation after 
the two reflexions would be the same 
for each ray^ and independent of the 
points of incidence on the two mir- 
rors. Let us suppose that A is inde- 
finitely near to O, and that SO in 
the lower figure represents the inci- 
dent ray, ON the normal, and ROr 
the direction of the reflected ray. 
Let On parallel to Bn represent the 
normal to the second mirror, and 
or the direction of the ray after being twice reflected. 

Let a sphere with radius unity be described round O, and let 
the lines above-named be radii, the plane of the first reflexion 
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being in the plane of the paper, and the plane of the second 
inclined to it. Produce SO to 8 and NO to iV' ; and join T and 
8, n and iST' by arcs of great circles. Then the deviation of the 
twice reflected ray is the angle ^OT measured by the arc T8 ; and 
the acute angle between the mirrors equals the angle N'On between 
the normals, and is measured by the arc nN\ 

Let angle of first incidence = / SON =ti 

second ... = / ROn =1^ 

. between the mirrors= z N'On = a 

between the plane of first incidence and the plane 
N'On which is perpendicular to both mirrors= z RN'n=i 
• of deviation =^ /.sOT =D. 

Then in the spherical triangles 8RT, N'Rn we have 
arc Rr=2t2, ife=2fi, Ts^^D, N'n^u, 

A KT^ — COS. D — cos. 2ii . COS. 2tg 

anu COS. sjxx «— • ^^ • - • ^^ . 

sm. 2ii sm. 21^ 

T^rfTt COS. a — COS. ii COS. u 

= COS. N Rn= ; — : r-^. ^ 

sm. ii sm. t^ 

whence 

n / • ..sin.2tisin.2«2 . ^. ^. 

cos. x> = (cos. a — cos. i, cos. L) —i — r^. — r^ -h COS. 2tt cos. 2tq 
^ ^ ^' sm.il sm.ig ^ ^ 

also from spherical triangle iV J&i we have 

COS. ij = cos. a cos. \ + sin. a sin. \ cos. d 

so that 2) is completely determined when t\, a, and $ are given. 

Expanding the sines and cosines of 2t\, and 2%^ and substituting 
the value of cos. i^ we find after the reductions 

COS. Z)=4 COS. a COS. t\ cos. tg— 2 cos.^ *3""2 cos.^ ii + 1. 
=cos. 2a + 2 sin.^ a sin.^ tj sin.^ 9. 

If J =0 we have the case of Art. 11. Part I. and 

D=2« 
as there determined. 
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Art. 6. Prop. To show that the incident^ the once reflected, 
and twice reflected, rays are equally inclined to the line of inter- 
section of the mirrors* 



Let the letters in the annexed 
figure represent the same points as 
in the last ; and take K, a point on 
the sphere^ 90^ distant from n and 
iV' ; then the radius OK is the di- 
rection of the line of intersection 
of the mirrors. 



Draw the great circle RKr, and 
joinjK;^; K,n; K,N'; miK,s; 
by arcs of great circles. 



In the triangles KnR, KnT; since Kn^^GP we have 

cos. KR cos. Kr 




COS. KnR = 



sin. Rn 



sin. nT 



„ -, COS. KT 

= —COS. KnT = -, jf, 

sm. nT 






Kr = KT. 



In the same way from the triangles KN'R, KN's we have 



COS. KN'R = 



COS. KR 
sin. RN' 



= — COS. KNs 
.-. Ks = Kr = KT 



COS. Kr 

sin. N's 

COS. Ks 
sin. N^s 



or the directions Os, Or, OToi the incident, the once reflected, and 
twice reflected rays, make equal angles with OK the line of inter- 
section of the mirrors. 

Art. 7. Prop. To find the aberration of a given ray of a 
pencil which is incident directly on a concave spherical mirror. 

Let PAP' be a section of the mirror, of which O is the center 
of the curvature, and A the center of the aperture. Let Q be the 
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focus of the incident rays, QOA the axis of the pencil incident per- 
pendicularly on the 
mirror at A; which 
being taken for the 
origin of co-ordi- 
nates ; and QP being 
any ray incident at P 
of which the co-ordi- 
nates are AM^=^x, 
PM=y, let Pq be 
the reflected ray : 
then if q^ be the 
focus conjugate to Q for a very small direct pencil, as found iji 
Art. 19. Part I., the distance q^ q is called the longitudinal aber- 
ration of the ray QPq, which is to be found. 

Let QA=^u, AO=r, Aq=v, Aq^=Vi; the equation of the 
circle of which PAP' is an arc, is 

and since x is always small in the mirrors of reflecting telescopes, 
we may neglect x in respect of 2r, or neglect a^ in respect of 2rx, 
and use approximately, for them, 

.=g nearly. 
If we solve the above equations in terms of a:, we find the series 



For the mirrors of reflecting microscopes the approximation 
^=^ is not always admissible. 



Since OP bisects the angle QPq, we have by Euclid, book vi. 
prop. 8, 

q^_QO 

qP^QP 



(1) 
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and in the triangle QPJIf, we have 

QP3=QJ»f2-|-P3f8 

2a? 



or 



V u\r u) 



In the triangle qVM^ we have 

=i;^+2a?(r— v) 

2^p 

l+-j^(r-t;) 

=v\/l + 2^.-(i-i') 
V v\o r/ 



Substituting in the equation (1) we have 
r — V u — r 



or dividing by r, both sides of the equation, 

when X is so small that we may neglect the tenns into which it 
enters as a multiplier, we have, as in Part I., 



1111 
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""" "~ *"^ • 


or 




t?i r r u 




Vx r u 



substituting these in the term involving gc, supposed small but not 
negligible, we have 



1 4 OPTICS. 



2 -^ 

r 



l=l+(L_l)(l_241_l)|.(l+2^.(£-l)A_l)| 
V r \r u/]^ u\r u/ j [ \r u/\r u/ j 

4-(i-i){'-?e-^)}{>-<?-i)a-i)H 

by extracting the square roots and omitting terms with a^y a?y &c. 

u [\r u) Vjjl \r w/Jj 
neglecting the term with a? 

r u \r u/ 

If we take the approximate value of a?= ^ 

, 12 1. yVi IV 

we have -= h-^-X 1 

V r u r \r u/ 

which gives the value of t? to a second approximation ; and when 
more correct values still are required, they may be obtained from 
(2) by successive substitutions for v in the term involving x, and 
extracting numerically the square root of the factors where it is 
indicated. 

When the second approximation only is wanted, the following 
is the simplest procedure. By neglecting at once the powers of x 
above the first at each step, and substituting the first approximate 
value, in the small term, we have 



QP=„{1-..^(14)}* 



and substituting in |^=|J 



we have 
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.{i+£r(i._J_\| „(i_£r(JL_l.M 

I V \v r J) ^ u\r u/j 



* ' V r \r u/\ v\v r/jl u\r u/i ^^' 



\r u/\ \_v\v r) u\r w/Jj 

r u l\r u u / \r «/ J 



j__^ 1^/1 1 \2 



u \r uj 

t« r\r u ) 



f 

The aberration g^g = Vj — t? = 5r say, 

V t?i "" Vi t? ""ViV 

therefore 5r is known when — and — have been found j and for 
a second approximation we have, since v^v^v^ nearly ; 



Vt' Vi/ r \ r u ) 



If the incident pencil had consisted of parallel rays, or if 

1 v^ 

— =0, then the aberration = 5r =^. 

This result may be very easily obtained geometrically, as half 
the versed-sine of the arc of the mirror nearly. 

If we had taken q for the focus of the incident rays, we should 
have found, by a similar procedure. 



V \v r J 
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and the aberration ^u would still have been measured towards A 
from the first approximate focus ; since we have 



1 1 
— > 



u 



u 



1 



and 



r \v r / 



which is identical with the previous expression by putting v for u ; 



and we see that the aberration increases as 



or 



/ 1 1 \^ . 
ttj^l \ increase, and vanishes when Q and q meet at O. 

It also, for a given position of the focus of the incident rays, 
varies as (^) the square of the distance of the point of incidence 
from the axis of the mirror, in small pencils. 

Abt. 8. Prof. To find the aberration of a given ray of a 
pencil which is incident directly on a convex spherical mirror. 

Let Q be the 
focus of the pencil 
incident on the 
convex mirror 
P.^P'; and let the 
other letters in 
theannexedfigure 
indicate the cor- 
responding points 
to those in the last proposition, respectively. 

Then any ray QP being produced to Qf, the exterior angle QfPq 
is bisected by the radius OP, and by Euclid, book vi. prop. A. 




gOQO 
qP^QP 



(1) 



Also taking AM=:x, PM=y we have by proceeding in the 
same manner as in the last prop. 
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QP=:u\/l+2a;~(^+^) 
V u\r u) 



and the equation (1) becomes 



V v\v r/ V u\ru/ 

i_l=(lH.l) ^J<^\ ....(2) 

neglecting for the first approximation^ the terms involving x, we 
have, as in Art. 20, Part. I., 

J- -1=1+1 i-=?4.i 

and substituting these values in the coefficient of a? and expanding, 
we find 

-= — I f-2a?( — I — I nearly 

V r u \r u/ ^ 

r u r \r u/ 

If we take q^ the conjugate focus to Q, from the first approxi- 
mation, putting -^g' J =Vi we have 

-> — and •' . Vi >v 

or the aberration is again towards A from q^ 

r \r u) 

If the incident pencil converged to g, we should have by sub- 
stituting in (2), the first approximate value of w, in the small 
term 
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n 



1=1 _? _ 3.(1 _ iV 
u V r \v r/ 

=1 - ? ^ ^(l _ IV 

V r r\vr/ 



putting «^^ the first approximate value of Uj we see that now - < — 
and .'. u>Ui, or the aberration is now from A, and 

8„=?v(i-iy 

It will be seen that the results in this article might have been 
deduced from those of the previous one by taking the lines with 
contrary signs when they have to be measured in opposite di- 
rections to that of the case taken as standard^ as at page 33^ 
Part I.^ and in the same way the results for other cases may 
be found. 

It will be seen that, in convex as well as concave mirrors, 
the aberration is measured from the mirror when the focus of the 
incident rays lies between the mirror and principal focus ; and in 
all other cases is measured towards it. The aberration vanishes 
when Q and q meet at O. 

Art. 9. Prop. To find the lesi^t circle of aberration when a 
pencil of rays is reflected directly at a spherical mirror. 

We suppose the aperture of the mirror to bear such a pro- 
portion to the fo- 
cal length, that we 
may use the se- 
cond approxima- 
tions of the two 
last articles. 

Let BPAB" be 

the section of the 
mirror whose axis 
is Aq^; Bs, Bs 
the rays reflected 
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at the edge of tlie mirror whieli intersect the axis in s ; q^ the geo- 
metrical focus for rays reflected indefinitely near to A ; Pq any 
other ray of the pencil cutting the axis in q^ so that qiq is the 
aberration of that ray. 

Then if we put y'=^3f' =half aperture of mirror, 

y=:PM 

we have from the results of the two last propositions 

ft* y^ 

or since y\ the radius (r) of the curvature of the mirror, and u the 
distance of the luminous origin are given, therefore the aberration 
qiS of the extreme ray is given; let q^s^a, 

then M=«^ 

let mn be the radius of the least circle through which the rays 
Bs, Bs and Pq pass ; we have from the triangle mm^ BM's, 

mn BM' BM' 

= T,^/ » or mn=^ -^jT^n— • sn 

m Ms' Ms 

and from triangles mqn, PqM, 

mn PM PM 

= — TTTi or mn= — Trr-nq 

nq qM qM ^ 

Now since the aberration is by supposition very small, so that 
we use the second approximations, we have M's=Mq=Aqi=Vi 
very nearly ; therefore equating the values of mn, we have 

y' y 

^— ,sn=-^.7iq 

and nq^sqi—qiq^sn 

^a—a^—sn 

y 

substituting this value of nq, we have 

c 2 
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and m»= — 



^71 



^i 



Now when mn is a maximum in respect of the varying po- 
sition of Pj we have by the differential calculuSy 



d{mn) _Q 
dy 



"* (y-22^) 



.-. y'-2y=0, ory=|- 
substituting this value^ we have 

y 

■"4 

=^ and giw=^.yi« 

which gives the position of the least circle of aberration ; 

and its radius mn=^ . sn 

y' 

or substituting for q^s its value from Art. 7, we have for a concave 
mirror the radius of the least circle of aberration 



^ y' yVA i\ 

4vi ' r \r u) 

^y^il « IV 

4r \r «/ 



When the incident pencil consists of parallel rays, or — = 0, 
andt;i=/=|- 
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the radius of the least circle of aberration =^ 



fs 



8r3 
32/2 



or the diameter 



_ y 



fs 



4^ 

./3 



If we draw g^J perpendicular to the axis and meeting ffs in J, 
then q^b is called the lateral aberration of the extreme ray^ and 

g^6m=4i . mn 

-?^ 
"8/3 

Cor. When a converging pencil is incident upon a convex 
spherical mirror so as to give a real focus of the reflected rays, the 
aberration (see the latter part of Art. 8) is from the vertex of the 
mirror as b 

in the fi- 
gure; but 
by pursu- 
ing the ^ 
same me- 
thod as a- 
bove, we 
find the 
sameforms 
for the values of sn and mn 




or 



m= 



1 



mn:= 



_ !^ 



4^1 



^^ 4r \w rj 



By substituting the proper value of g^s, the result may be 
adapted to the other cases of reflexion at spherical mirrors. 
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We are now able to calculate the eflFect of using spherical 
mirrors in catoptrical instruments in place of mirrors of the correct 
figures for no aberration. 

Example. To find the effect on the distinctness of a seven-feet 
Newtonian telescope of the proportions used by Sir W. Herschel, 
when a spherical mirror is used in place of a paraboloidal one. 

In this telescope, with which Sir W. Herschel made so many 
discoveries, the aperture of the large mirror was 6-^ inches, and 
its focal length about 86 inches. 

Here we have y'=z3-^ inches, and r=172 inches. 

/. the longitudinal aberration of the extreme rays=^=yV ^f ^^ 
inch nearly. 

The diameter of the least circle of aberration =-^-2=^^8-5^ of an 

inch, which is less than one-tenth part of the breadth of a hair of 
the head, taking it as 3-^-0 of an inch. If we divide this quantity 
by the focal length, 86 inches, we find that the diameter of the 
least circle of aberration subtends at the center of the mirror an 
angle of 4 of one second of a degree ; and this would not prevent 
the telescope separating the images of many diflScult double stars,* 
which are considered most effectual test-objects for telescopes. 

If such a telescope will not shew these objects when charged 
with sufficient magnifying power, we must conclude that the 
workmanship is defective either in the large or small plane mirror ; 
and that it is useless to speak of a parabolic figure until the 
mirrors will succeed with them in a satisfactory manner. It is, 
moreover, to be remembered, that the physical effect of diffraction 
would remain, even if the mirrors were each of a perfect surface 
and polish. 

The great difficulty of making the small mirror of the New- 
tonian telescope very nearly plane, renders it advisable for amateur 

* See Ilcrschel's " Astronomy," chapter xii. 
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telescope makers to construct the Herschelian form first ; remem- 
bering that by dispensing with the small mirror, one-third of the 
light is saved, and hence there will be equal brightness with a 
speculum of considerably less aperture, which, however, should 
not exceed one-fifteenth to one-twentieth of the focal length. 

Art. 10. Prop. To investigate an expression for the dif- 
ference of the extreme abscissa for a spherical mirror^ and one 
formed by the revolution of a conic section about its major axis, 
when they are of the same aperture and focal length. 

Since the radius of curvature of all the conic sections at the 
extremity of the major axis equals half the latus rectum, and 
we must have the spherical mirror the nearest possible to the 
given ellipsoidal, paraboloidal or hyperboloidal one, therefore the 
radius of the spherical mirror must equal half the latus rectum of 
the conic section by which the surface of the other is generated. 

Let CAC be a conic section, of 
which the focus is F, BAB" an arc of 
a circle whose center is and radius 
is AO^r, which is equal to half the 
latus rectum of CAC\ 




Then the general equation of a 
conic section being 

y^=zmx + nx^ 

where m= latus rectum, and »=0 in 

the parabola, is negative in the ellipse, 

and positive in the hyperbola ; also if a and b he the major and 

minor axes of the two latter, we have 

m=2-, n=+-^. 

If y^=z2rx—x^ be the equation of the circular arc, by the above 
conditions, we have 2r=w. 

Now let the extreme ordinates be equal, or J9M = y = CiNT, and 
let AM=:x, ANz=:x' ; to find the difference MN=x-x, we have 
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subtracting 0= 2r (x^x) -^a^-^naf^ 

or iVAf =the difference of the abscissae required 

a^ + nx'^ 



:=X — X = 



2r 



Since x and ^' are very small compared with 2r 
and y^=^x (2r— a?) =a?' (2r-f iwr') 

we may use the approximate expressions ^=^ *^^^ 

and JVaf=-J^-(l + n) 

a y* 

Thin formula gives a very correct value for NM, until the magni- 
tude of 2^ is much greater than is ever used in telescopes : to 
apply it to a parabolic mirror in the example of the last article^ we 
have 

NM= Q^^^ilo inches 
8 X 172^ 

= .0000024 inch, 

or less than one four hundred thousandth part of an inch. We 
may readily grant that a spherical mirror should be very accu- 
rately ground and polished before a parabolic figure is thought of; 
and then the quantity to be polished away at each point is 
proportional to the fourth power of the distance from the vertex. 

When the axis of the incident pencil falls obliquely on the 
mirror, the effects are not symmetrical, but may be classified 
under two heads : the mirror not being very small nor the obliquity 
very great, we may term the effect oblique aberration ; and when 
the mirror is very small, or the obliquity very great, we may call 
the effect confusion. 

We shall be better able to trace the changes which arise as the 
obliquity is increased, from the least circle of aberration, when the 
obliquity is nothipg, to the formation of the leiist circle of coi}<- 



A 
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fusion^ when it is very great, by first considering the origin of the 
caustic lines and caustic surface. 

The caustic line being the locus of the intersections of con- 
secutive rays, takes two forms, according as we consider the 
consecutive rays to have the same plane of incidence, in which 
case the caustic lies in the same plane; or, as we consider the 
plane passing through two consecutive rays to be perpendicular to 
the plane of incidence. We are at present considering only the 
reflexion by spherical mirrors, and referring to the figures of 
Art. 9, we see that the caustic for the rays, incident in the plane 
of the paper, will have two like branches flrg,, bg^, one above and one 
below the axis Aq^, meeting 
in a cusp at the geometrical 
focus qi, as in the annexed 
figure j and the revolution of - 
either branch round the axis 
Aqi will form the caustic sur- 
face. If the mirror be cut 

by a plane perpendicular to the axis, the intersection will be a 
circle with its center in the axis, and rays incident upon the 
mirror in this circle will be all similarly related to the axis, and 
the reflected rays will all intersect it in the same point, which is 
the vertex of the conical reflected pencil. If we consider the face 
of the mirror to be made up of such circles, we shall have the 
reflected hght forming a series of cones with their common axis 
that of the mirror, and the vertices of the cones forming another 
caustic or focal line. 

In the cases of accurate reflexion, the caustics are reduced to a 
point, which is the accurate focus. 

Whether we consider the caustic surface to be formed by the 
revolution of the caustic curve, or by the ultimate intersections of 
the series of cones which have their bases^ circles on the face 
of the mirror, and their vertices in its axis ; we see that the sections 
of the reflected pencils will not be symmetrical unless the mirror 
be a segment of a sphere, with its axis coinciding with the axis 
of the incident pencil. 
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If we could suppose a large mirror reflecting a large direct 
pencil, and forming the corresponding caustic surface, and then 
could trace the modifications of the latter, when portions of the 
mirror were covered over so as to leave only a small reflecting 
surface, we might find the eflects in the reflected pencils for 
diflFerent cases, but they will be found in the following propositions 
better treated by independent methods. 

Art. 11. Prop. To find the form of a pencil reflected 
obliquely by a small spherical mirror. 

Let BCBf be a section of the small mirror seen in perspective, 
which maybe con- 
sidered a portion 
of a larger one, of 
which the center 
is 0. Let Q be 
the focus of the 
incident rays and 
draw the line Q OA 
which will be the 
axis of the sup- 
posed larger mir- 
ror. Let C be the 
center of the aper - 

ture of the small mirror, QC the axis of the incident oblique 
pencil, Cq^q^ that of the reflected pencil. Let QP be another 
incident ray, in- 
definitely near to 
QC, reflected in 
Pq^ ; then q^ be- 
ing the intersec- 
tion of the re- 
flected rays, is 
called the primary 
focus of the pen- 
cil. If we take 
other planes of 
incidence, which 
all pass through 
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the line QOA, above or below the plane of the paper, the reflected 
rays will have their primary fod in a circular arc above or below 
q^ respectively; and for the whole of the mirror we shall have 
formed this arc as \hQ primary focal line at g^. 

In the lower figure, let DCI/ be a circular arc, which is the 
intersection of the mirror by a plane perpendicular to QOA; and 
QCy QP being rays incident on DCiy, they will be similarly 
situated with respect to QOA ; then the reflected rays will also be 
similarly situated with respect to QOA and will intersect it in the 
same point q^ ; or q^ is the secondary focus* If we take other 
circular arcs in the same manner, higher and lower than DCDf^ 
they will have the secondary fod, further from or nearer to than 
^2 respectively, and for the whole mirror will form the line of 
secondary fod m AOQ, 

To find the distances Cq^^ Cq^ from the center of the mirror ; 
let QC=u, CO=r, Cq^^v^, Cq^^^v^ and the angle of incidence 
of the axis of the pencil, QCO=«= angle of reflexion q^CO, 

In the upper figure draw the perpendiculars Cn, Cm, upon QP 
produced, and ^^P respectively : then the indefinitely small 
triangles CPn, CPm, are equal in every respect, for they have 
the side PC common, the angles at m and n right angles, and the 
angles CPn, CPm equals, because they are the complements of 
the angles of incidence and reflexion at P. 

.-. Pn=^Pm 
and Pn = QC— QP = decrement of u 

= ^du 
Pm=5'iP—g'iC= increment of t?i 

.'. dvi=—du. 

Join Oq^ ; in the triangles QCO, qiCO, we have 

QO^ = QC^ + OC'^-2 .QC.OC cos. i 

= w^ + r* —2ru cos. i 
qiO^ = qiC^^OC^-2 . q^C . OC cos, i 

= Vi^ + r^ — 2n?, cos. i 
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here u, v^ and cos. i vary from C to P, whilst QO and q^O are 
constant. .•. diflFerentiating we have 

0= udu — r COS. i du —ru d\ cos. i 
0=1?! dvi'-r COS. i rf^i— rvj rf . cos. i 

equating the values of d . cos. i, and omitting the common factor 
du after substituting —du for dv^, we have 

tt—rcos. i rcos. i—y^ 
ru ~" rvi 

1 2 sec. i 1 



t?! r u 



whence 
which gives v^. 

Again in the triangle QCg 2j the radius OC bisects the angle 
QCq2, and we have 

QO ^g^O 

and .-. QCPxq^Cr-^q^O^xQC^ 

or {u^'\-r^-"2ru cos. i) 1^2^= (vg^ + r^— 2rv2 cos. i) w^ 

and reducing 

r {v^—u^) =2 WV2 COS. i iy^—u) 
or r (v2+t<) =2 uv^ cos. i, and dividing each term by urv^ 

1 2 COS. { 1 



t?2 r w 



which gives v^. 



Art. 12. Prof. To find the least circle of confusion in a 
pencil ofraySy after oblique refleanon by a spherical mirror. 

As the most interesting case in the oblique reflexion by sphe- 
rical mirrors, we will first take the circumstances in which it 
would be applied in the Herschelian telescope. The axis of the 
eye-tube coinciding with that of the reflected pencil, we must seek 
the section of the pencil perpendicular to this line, between q^ and 
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q^ which is the nearest to a circle^ or when the length equals the 
breadth. 

In the figure, let C be the center of the face of the mirror seen 
B 




in perspective ; Cq^q^ the axis of the reflected pencil ; dq-^d' the 
primary focal line ; hq^p' the secondary focal line, or section per- 
pendicular to Cyi^2 through q^ which is a narrow figure of eight, 
since the secondary foci are in the line Og'2 ; and let mrnshe the 
least circle of confusion, where mn in the plane Bq^B^ equals rs in 
the plane Dq^I/. 

het Bff=Diy the aperture of the mirror =2a; the breadth 
ilfiV of the pencil perpendicular to Cqi = 2a cos. i, because angle 
BCN=^ angle q^CO^i, when BB" is small; let Cqi=Vi, Cq^^v^ 
as before ; and let in the line Cq^q^ be the intersection of mn 
and rs. We have by similar triangles 

=-^; — , or the primaiy focal line, dd'=^ — (^2~"^i) 



Cg, 



r. 



2 



hi! MN . J r IT 1.1/ 2a cos. i. ^ 

=-t; — , or the secondary local Ime, 00 = — \P2'~'^i) 



9i92 f^9i 

J rs dd' 
and = , or rs^q^o 

W 9i92 

mn bb' 

= . orwiw=fl',o 

9i<> 9\9i 



V, 



2a 



v, 



2 



2a COS. % 



= {v2-Vi-q20) 



2a COS. t 



Vi 



but mn^rs 
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2a , .2a cos. i 

Q20 • — = («^2 - «?i - q^o) -— — 

, Vn, COS. « (v« — Vl) 

whence 0^0=-^ — : -^ — r^^ 

^^ Vi + Vjcos. i 

which gives the position of the point o, and when i is small or 
COS. i=l nearly, 5^20=^ (vq— ^i) nearly; or the least circle of 
confusion is nearly equally distant from Qi and 92- 

Again, the diameter of the least circle of confusion =r* 

2a 



=q^o 



^2 



__ 2a cos. i (v2-"^i) 

~ t?! + 1^2 COS. i 

Since the telescope is used to view distant objects, putting — =0 

u 

, r COS. t r sec. i 

we have v^= — ^ — , ^2= — ^ — 

substituting these values 

,, ,. , >,,, 1 X • 1 i» /• • 2a cos, i (sec. «— COS. i) 
the diameter of the least cu-cle 01 contusion = 7 — ^ — ; — =^^ ^ 

(cos. e+1) 

=2a (1— cos. i) 
= 2a vers, i 

If we suppose the aperture to bear the proportion to the focal 
length, which is found in achromatic telescopes, or ^^=fe ==q7|> 

we have i=57' nearly, 

and the least circle of confusion = 2a vers. 67' 

=2ax .0001375 

In this proportion a mirror, as in Art. 9, of 86 inches focal 
length, would have an aperture of 5-f^ inches, and the least circle 
of confusion = . 000788 inch 

^TTT^ inch nearly, 
which is much more than the aberration found in Art. 9, though 
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still a small quantity ; and the aperture might be reduced below 
this proportion, and still have equal light with the Newtonian form, 
besides saving the errors of workmanship of the small plane 
mirror. 

Cor. When the incident pencil is conical, with its perpendicular 
section a circle, and falls obliquely on a larger mirror, so that DiX 
in the figure =X = breadth of the pencil; then BB'^X sec. i. 
Proceeding as before, we find 

the primary focal line =~7^ — • QiQi 

= — (v^-^i) 

the secondary focal line being a section of the pencil by a plane 
through ^sPiu^llel to the tangent plane to mirror at C=-y^ — . q^qc^ 

\ sec. i , V 

which give, by the same method as before 

92^ = ^ 



Vi COS. t + V2 

and the diameter of the least circle of confusion 

^ X (V2-V1 ) ^ 
V|C08. i + Vg * 

When the incident pencil consists of parallel rays, we find by the 
same substitutions as before, 

X sin.^ i 



the diameter of the least circle of confusion = 



1 + cos.^ i' 



We have seen in the preceding articles the eflect of the figure 
in a spherical mirror in producing aberration directly, and the 
effect of a small spherical mirror in producing confusion, but an 
effect of equal or indeed greater consequence has hitherto not been 
discussed by mathematicians, namely oblique aberration. 

If OA in the figure is the axis oiBAB, a spherical mirror, OA' the 



axis of a pencil falling obliquely u|M)n it, nnd wetake A'b=A'Ii the J 
distance of tbe 
nearest edge of 
the mirror to 
A', then we 
may consider a 
complete cir- 
cular ai'ea with 
diameterM'J3' *[ 
to be taken on 
the face of the 
mirror, which 
will bave its 
geometrical fo- 
cus for small 
pencils at q, 
and the rays at 
its edge cut- 
ting tbe axis 

in s ; the rays reHected outside this area will cut the axis n 
to A', and we suppose the one reflpcted from tbe edge at B to | 
intersect it at q'. 




If we now consider the perpendicular sections of the reflected J 
pencil, we shall see that nearer to A' than q' we shall have on I 
oval, like the first of the lower figures in white, most flattened and J 
brightest at a, tbe upper edge; about q' we shall have a section J 
like the next figure (the nearest approach to tbe primary focal linB.I 
which occure at gi-eater obhquities}, the upper part a, in the firBfl 
figure, bas descended to a in tbe second, by an overlapping of the, I 
upper rays, producing a bright upper edge ; at tbe intersectiou I 
of tbe lines ffg and Bq produced, we have the parts a and b\ 
coinciding, and a little nearer s we have a section, like the middle! 
figure, the part a being the lowest and tbe part b above it,^ 
the upper part being now very bright ; near s we bave a sectioafl 
like the foui-th figure, with the upper part very bright ; and fl 
between s and the place of the least circle of aberration for tbH.'i 
area, whose section is bA'B', a section like tbe last figure, with an J 
upper bright nucleus at fi and the coma descending to a. 
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These appearances may be verified with an ordinary concave eye- 
glass ; using the light from a lamp passing through a hole in a 
card, for the luminous point, and receiving the light reflected 
from one of the concave surfaces on a white screen. The appear- 
ances will be found to change with the obliquity, and to approxi- 
mate to the primary and secondary focal lines and circle of least 
confusion, when the obliquity is considerable or the reflecting 
surface small compared with the focal length. 

If we were to choose the most symmetrical small area for the 
focus, perhaps the middle figure, which corresponds to the circle 
of confusion, where the length equals the breadth, would be taken ; 
but the eye is not satisfied that it is the nearest approximation to 
a focus, and prefers the last, with the bright nucleus, notwith- 
standing the lengthened coma. 

Art. 13. Prop. To find the length of the coma and of the 
cometa or figure of oblique aberration when a pencil of rays falls 
obliquely on a spherical mirror. 

Let BhAAlS be a section of the mirror by a plane through the 
axis of the mirror and the axis Aqoq of the oblique pencil ; so 
that A'B and 
AB^ are the 
greatest and 
least distances 
from A' to the 
edge. Then^'i 
being taken 
equal to A'B^, ^ 
let the ordinate P ^ 
bN =. y, and 
BN'=:y'; let 
^^''a be the ray 

reflected at 5, cutting the axis in q\ and forming the limit of the 
coma at a; s the intersection of the axis by the rays bs, B>s; 
q the geometrical focus for rays reflected near A ; noa the figure 
of oblique aberration, so that no is the radius of the least circle of 
aberration for the area on the face of the mirror, whose diameter is 
bABl y and oa is the length of the coma. 

D 
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Prom Art. 9 noz=th( 

4!r 



d-D' • <•> 



From the similar triangles q'oa, gfN'B we have 

oa BN' 



ta BN' y' , 



or oa=i^g'o (2^ 



g 

also by Art. 9 9^^~t9^ 



Si 



and — /=-4 

9Q y^ 

Substituting this value in (2) and the value of qq' from Art. 7, we 
have the length of the coma 



^oa=^ — ^i 

r 



\r u) \ 4yvvi 
r \r u) \ 4 y' V 



If y=y' or the obUquity vanishes^ this expression becomes 

1\3 



y> /I 1 Y 

4r \ r w/ 



the radius of the least circle of aberration found in Art. 9. 

As the ratio -^ becomes smaller, the quantity to be subtracted 

in the last factor becomes rapidly less, and the brightness of the 
nucleus rapidly diminishing, the magnitude of the coma becomes 
rapidly increased, imtil the axis of the pencil falls on the edge 
of the mirror or A coincides with B when its value becomes, 
since then y=0. 
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and we still consider the mirror of such aperture that the longi- 
tudinal aberration varies as y^ nearly. 

For the value of noa 

web.™ „+..=^(i-iy(,.(l-|^)4| 

= the extreme length of the figure of oblique 
aberration. 

The above discussion applies to the images formed by the 
object-mirrors of reflecting telescopes of the Newtonian, Gregorian 
and Cassegranian forms ; the points in the images out of the axis 
being affected with oblique aberration when the mirror is spheri- 
cal; and the obliquity of the pencils forming these images is 
never very great. See Chap, ix. Part I. 

When a pencil from the object-mirror falls obliquely on the 
small mirror of the Gregorian or Cassegranian telescopes, we have 
the section perpendicular to the common axis of the mirrors a 
circle very nearly, because the aperture of the large mirror is so ; 
but as the obliquity is always small, we may consider the form as 
a right cone; and this conical pencil falls entire on the small 
mirror, so that the circumstances are only different to those of the 
reflexion at the large mirror in the obliquity of the second 
reflexion being greater than that of the first. 

Art. 14. Prop. To find the aberration of an ellipsoidal 
mirror for a direct pencil ; when the conjugate foci of the incident 
and reflected rays do not coincide with the foci of the mirror. 

Let BAB 

be the ellipse, 
which is a sec- 
tion of the 
mirror, of 
which the foci 
are 8 and H, 
Taking a case 

d2 
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similar to that of the speculum of the reflecting microscope 
(Part I. page 140), let Q be the focus of the incident rays, 
AQSHq the axis of the mirror, QP any ray reflected in Pq ; and 
let PG be the normal at P. 

Let AQ=Uf Aq=Vf AM=Wy PM=y, and the equation of the 
ellipse y2=-g(2flkr— a?2); also, according to the ordinary notation^ 



a* 



-1-^ 

Then the equation of the normal at P being 

at G we have w'=0, and x =AG= — \-^x. 

Since the normal hisects the angle QPq we have as before 

qG _ QG 
qP ~ QP 

and proceeding as in Art. 7, 
1 2 1 



+ 2x(-^ L.V 

Aq~ AG AQ^ \AQ AG) 

— Vfrx — h^x 

a a 

the first power of a; ; 

where the last term is the small variation of - , or § ( - | 
and Iv = the aberration = — VjV , S ( - ) 



or 
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Kl a\^ c^a^l 

where Vj is the first approximate value of v. 

If we put u=AS=a (1— e)= ^\ 7 =— n r we have the 

coefficient of —Vi^2x, thus 



/ a(l4-g) aV ^c? _^ 



or the aberration vanishes, as was found in Art. 13, Part I. 

If e=0 the ellipse becomes a circle, and the result becomes 

identical with the corresponding one of Art. 7. We see that the 

aberration, vanishing when Q and q coincide respectively with 

/I a\^ . 
S and H, becomes greater as the term f — -^ i difiers more from 

—jT- , and changes sign as Q passes from one side of S to the 
other. 

If we use the approximate value, a?= —j^ j we have 






which we may employ to find the least circle of aberration, as in 
Art. 9. 

Art. 15. Prop. To investigate an eocpressionfor the aberra^ 
tion of a ray, of a pencil falling obliquely upon a concave ellip- 
soidal mirror y in the principal section. 

Let BAA'B be the elliptic section of the mirror in the plane of 
incidence of the ray QP ; S and H being the foci of the ellipse 
and Q being the focus of the incident rays; also QA' the ray 
which falls perpendicularly on the mirror and is taken for the 
axis of the pencil. 
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Let PG' be 

the normal at 
P, meeting 
A'Q in G'; 
and Pq the 
reflected ray 
meeting the 
same line in 



Referring the ellipse to the tangent A^y and normal AQx^ as 
axes of co-ordinates, let AM=x, PM=y be the co-ordinates of 
P ; and C being the center of the ellipse, let a = angle CAG\ 
between the semi-diameter AC and normal AG ; then trans- 
forming the equation of the ellipse referred to AC and the conju- 
gate diameter as axes of co-ordinates, to those in the figure we 
have the equation of the ellipse 




(y + a? tan. a)2__2a? sec. a, _ji?' sec.^ a 



V^ 



a 



a 



(1) 



where a=AC, and b' is the semi-diameter conjugate to it ; these 
can be found in the given ellipse when the point A' is given ; also 
if w^y^ are the co-ordinates of A when the ellipse is referred to the 



y{ 



X 



3 



center and principal axes, or when 7^ + -^^ ^ ^^ ^^vq 



62 



a* 



tan. a=tan. C4'Q=tan ( z between AQ and AC— / ACA) 

dx^ y^ 



f^ 



a?i 



1_^ .Ml 
dyi ' a?i 

1 + «v 



A^V 
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Since PCf bisects the angle QPq, we have as before 

q& _Q& 
qP^QP 

and putting A'q=:v, A'Q—u, and A'&=zs a quantity varying 
with the position of P, of which the value is found below, we have 
as in the previous propositions 

V s u \s u/ 



=?-i+i^(i_iy (2) 

8 U S \S U/ ^ ' 



To find s we have 

Since a and y are small, and x very small, we may use from (1) 

•*•/» 1Jr£L tan OL 

the approximate value fl:=sT7r \-in7i J ; aiid rejectine 

^^ 2o ^ sec. a 2o * sec.^ a jo 

terms with powers of y above the second, we find 

* 2 sec. a 3 , . yV r, b'^ secret 1, . i 

whence 

1 _ a .3 yg'g tan, a yV» f ^ Psec^a ^ ^ 3 V 

* " b'^ sec. a "^ 2 *'* sec.2 a 2^^ sec.^ at a'^ ^ ^^n. a| 

for substitution in the small term, we have the approximate value 

therefore the equation (2) becomes 

1^ 2a- 3ya-nan.a yV^ r^ ^^^sec^a Stan.^a] ^ 
V ^'^sec.a b'^sec.^a i'^sec.^al a^ ' ) u 

y^d / d 1\» 



+ 



V / d _ 1 Y 
ec. aSj)^ sec. a w/ 



6'^ sec. 
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If we put Vj the first approximate value of v, we have the aber- 
ration 

n i\ 

When Q is so distant that - may be neglected, we have the 
aberration 

b'* sec .2 g /, ' 3 yc^ tan. a \ f Sya"^ tan, a %pcl^ ( b'^Bec.^a , \1 



3 ^ v^«' r^'^ sec. a tan.® a^ 



We see that the aberration depends partly on a term with y, 
and partly on one with y^, and is therefore not symmetrical for all 
parts of the pencil; the term with y has, however, the small 
quantity tan. a a multiplier, and is therefore very small. 

In the expression for -, the term with y^ has a positive and 

negative part, and is very small when Q is near H or S, When 
we make a=0, we have the result of the last proposition, Q being 
then in the axis of the mirror ; and when further we make a'=b', 
we have the results of Art. 7 for a spherical mirror; also if we 
make the major axis of the ellipse and u infinite, the results, agree 
with those of the next proposition, for a pencil of parallel rays 
falling obliquely on a parabolic mirror : so that the above results 
may be considered as the most general that we can take. 

Art. 16. Prop. To find the aberration in the principal section 
for a pencil of parallel rays falling obliquely on a paraboUndal 
mirror. 

Let AF be the axis of the paraboloidal mirror BAA'Bf ; and 
let AGx be the ray of the oblique pencil which falls perpendicu- 
larly on the mirror : another of the parallel rays in the plane of 
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the figure, or prin- 
cipal section, being 
incident at P; let 
Pq be the reflected " 
ray. If a be the 
angle which the ray 
A^x makes with the 
axis of the mirror 
AF, and we refer the 
parabola BA'B" to 
the normal A'x, and 
the tangent A'y as axes of co-ordinates, we have the equation 
of the parabola 

(y+x tan. a)^=4m' -, x sec. a 

where nii is the distance of A from F, the focus of the parabola. 

Let PGr be the normal at P ; since it makes equal angles with 
the incident and reflected rays, we have the triangle PG'q isosceles, 
and Pq—qG\ Let Aq = v. 

To find AG, let AM^x, PM-y be the co-ordinates of P; 
we have 

=%m 8ec. « - ^y tan. «+^_._-(^l - -^) 

To find Pq, we have, 

Pq=zVMq^-\-PM^ 

= V(v-xf-\-y^- 

V~i 2x^ 

=.{1-.|!( 1 l)}nearly 

<■ 2v\2m sec. a «/ J ' 

and P^ = A'G'-A'q 

!;_--.(_— ^ — -)=2m'sec.a — -ytan.a + -— 7^- (1 

2 \2m sec.a t;/ 2 4m'8ec.aV 



2 j 



— V 



whence y = m'8ep.n--ytan.a + ^| ^^,'^^^ (]-^^j->-^ ^^,^^^^^ -^)} 

and UHing the approximate value v=m' sec. a in the small term, 
we have, 



Here the two latter terms are the aherration, which we see is 
always exceedingly small in the paraholic mirror of a telescope, 
where tan. « is always very small, as well as y. 

From this discussion we learn that even in the oblique pencils, 
the parabolic has a great advantage over the spherical mirror in a 
reflecting telescope. The rays reflected in other planes of oblique 
pencils, wiU not meet the normal raya; but the error will in all 
actual cases be exceedingly small. 

Akt. 17. Pbof. To find the form of the image of a straighi 
line, given by email direct pencils reflected by a concave spherical 




Let BQC be the straight line, and BACA^ the section t 
sphere of the mirror 
by a plane through the 
straight line and center 
0. Then the foci for 
small direct pencila 
will lie all in this plane. 
It is clear that the part 
of the straight line 
from which rays can 
fall on the face of the 
mirror is the part 
within the circular sec- 
tion, when it has a position as in the figure ; and there will be 
two images, one real by the mirror BAC, and the other virtual by 
BA^C. 

Let AOQAj be the diameter perpendicular to BQC, and let g 
be the real image of Q by the uurror BAC; q^ the virtual one by 
BAiC 
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If we take any other point as Q', we shall have the two images 
^ and g\ as in the figure, in the line A'OQ; and to find the loci, 
or images of the various points of the given straight line, it is now 
more convenient to refer the positions of the conjugate foci to the 
center 0. Thus, let QO^p, ^0:=q and AO=r; we have from 
Art. 19, Part I. 



or 



we have 
and 



or 





?'^'_ 


QA 






g'O- 


" QO 






*•-?. 


r+p 






9 


P 






1 
9 


r p 




idic 


lular distance 0Q=^ 


m, and Z 


P= 


-m sec. i 






1_ 


r m sec. 


9 


r 


?= 


T'ni 




2 


2w4-rcos 


"«~" 


9m ^"^- ^ 



Comparing with the polar equation of a conic section 



P = 



1+6 COS. d 



we see that the image is an eUipse when ^ is less than m 

r . 



a parabola . . -xi^ equal to m 



r . 



an hyperbola . ^ ^^i greater than m 



and in all cases the half latus rectum / equals ^ the focal length of 

the mirror; and the center O of the mirror is the focus of the 
conic section. As a particular case of the ellipse, the image 
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becomes a circular arc when m is infinite^ and 6=^7- =0; or the 

image of a very distant object^ as a heavenly body, is formed in a 
spherical surface concentric with the mirror, and of radius the 
focal distance ; for although the visible discs of the sun and moon 
are spherical, yet the relative distances of different points in them 
are so nearly the same, that 
the images of them formed by 
a small telescopic mirror will 
be indefinitely nearly as 
stated. This is a point of 
consequence in investigating 
the best form of an eye-piece j^\ 
for the Newtonian tele- 
scope. 

The parabolic images take 
place as in the annexed fi- 
gure. 

The hyperbolic images take place as in the annexed figure. 





When the straight line is outside the circular section of the 
sphere of the concave mirror, there can evidently be only one 
image fonncd, which is an elliptic arc, as in the first figure, 
but of diminishing eccentricity as the distance m becomes gi-eater. 
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Art. 18. Prop. To find the image formed by small direct 
pencilsy of a straight line placed before a convex spherical 



mirror. 



Let QfQQf' be the straight line, and BAAB be the section 
of the sphere of the mirror ; and OAQ the perpendicular from the 




center O upon the line. Let q be the virtual focus conjugate 
to Q, and taking any other point Q[ in the straight line, join 
Oy Q and let q' be the focus conjugate to Q[ ; also let z QfOQ=$y 
OQ=my OQf=p, Oq'^q^ OA^^r, then as in Art. 20, Part I. 

q'A _Q[A' 
q'O "" QO 



or 



whence 



r — q ^ p — r 

q'~r p 

^2_JL 

"" r m sec. d 

r 
2" 



/.g= 



1- 



2m 



COS. d 



% r 
which is the polar equation of an ellipse, with 5-= the half latus 

rectum, and O the further focus. 



46 OPTICS. 

Art. 19. Prop. To find the form of the image of a straight 
line, produced by oblique pencibj reflected at a small concave 
spherical mirror. 

We have now to consider 
the image as the locus of the 
circles of least confusion^ in 
the obliquely reflected pen- 
cils. 

Let BAB" be the small 
mirror, of which the center 
of curvatui'e is O, and QQQ' 
the straight line; let AOQ 
be the axis of the mirror 
perpendicular to QfQQf', and 
q the focus conjugate to Q. 

If we take any other point, 
as Of, join A, Qf, and draw Ao, making ^oAQ= / QfAQ, then 
the least circle of confusion for the reflected pencil will be at some 
point in this last line, as at o. 

To find the form of the image, let AQ=^af AO=r, Ao=Vj 
AQf^u^ z QfAQ=i; then w=a sec. i, and by Art. 11, we have 

1 2 sec. i 1 ^^^"^2) ^~"2" , 
— nearly 






»i 


r 




u 


\ 


r 


a 




1 2 


COS. 
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• 


1 
u 


2(1-^) 
r 


•4 

a 


adding < 


we bave 
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+— =■ 
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4 
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=K- 


2a-9 
ra 


:)(!. 



2(2a-r)/ 

a„di-.^={A-14(l+l)}xa-l4(i-l)} 
Vi Vg Ir a 2\r a)] \r a 2\r a/J 
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or 



\r a) a\T a J 

\ ra ) X. 2a-'r J 
/ ra Vfi ^r 1 



But since the least circle of confusion^ by Art. 12, is nearly 
equally distant from the primary and secondary focal lines, we 
have 

_( ra \ ^ f ., ?r \ (2a-r \l^ , iV \ 

~\^2a-rM 2a-rPV ra /I ■^2(2a-r)J 



ro 



2o— r 



('- 



tV 



2(2a~r) 



) 



2«-r 2(2o— r) 



(1) 




We may compare this expression with the approximate polar 
equation to a circular arc; 
obtained by putting as be- 

fore, COS. » = 1 ^ near- 
ly, in the value of OT^ 
from the triangle BOF in 
the figure ; where O is the 
center of the circular arc PAP^, and S the pole. 

Let 0A=/, SA=:a', SP=p, z PSA=i, 
then /^=p^+ {a'-ry-Zpia'-/) cos. 2, 

from which we find the approximate equation 
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When the circle is convex towards S, and therefore A the 
nearest point, we find 

P=«+* 2/ — 

If f)=t? in the above equation (1) we have 

TCI 

a'=-x =Ag in the first fiffure 

/ ~ (2a— r)^ "" a 



, aa 
r =-7 



a +a 



_ r 

or the image is approximately a circular arc with radius -^ . 

We see that an image formed in this manner is concave towards 
the mirror, whereas from Art. 17, the image formed by small 
direct pencils is convex towards it; neither, however, of these 
two modes is that in which the image formed by the object- 
mirror of the Newtonian, Gregorian, or Cassegranian telescope 
arises, for it must more strictly be considered as the locus of the 
figure of aberration, as found in the next proposition. 

Art. 20. Prop. To find the form of the image of a straight 
line produced by a concave spherical mirror, when it is considered 
the locus of the cometa of oblique aberration. 

As in Art. 17, we have to refer the image to the center of 
curvature of the mirror, and now require expressions for the 
direct and oblique aberrations in terms of the polar co-ordinates. 
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Let ^OQ be 
the axis of the 
mirror BAB', 
meeting the 
straight line 
perpendicular- 
ly at Q; and 
let O be the 
center of cur- 
vature of the 
mirror. Letany 

ray QP be reflected in Pq; and let AO=r, QO=p, qO=q ; also 
AM=Xj PM=yy the co-ordinates of P. 




Then as before, we have ^ = ^^ . . . 

qO QO 

and QP^=zQ0^+0P^+20M. OQ 

=;}Hr2 + 2(r— a?)jp 



agam 



.-. QP=ip+r)\/l--^, 

=P'\-r —, — nearly 

^ p-{-r ^ 



=:p + r — 



y^p 



2r {p+r) 
qP^=qO^'\'OI^ - 20M . Oq 

= g2 + r2 — 2(r — a?)g 
= (r — g)H2g^ 



,-. qP= 



2qsc 



=r — q-{- 



qx 
r — q 



(r - q)' 
nearly 



=r — 5^ + 



y^q 



2r {r — q) 



(1) 



£ 
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Substituting these values in (1) we have 



y^q 






y^p 



2r {p + r) 



P 



or 



q r p 2r^\p-{-r r — q 



h} 



substituting the first approximate value of g in the small term^ 
we findj 



,2 



q r p 7^ 






y^p 



whence 



rp 

_ rp 



9= 



r^(2p + r)J 



(2) 



2p+r r{2p'\'rY 

where the last term is the aberration of a ray incident on the 
mirror at a point distant y from the axis. 

Let Of be any point in the line; and let QfOA' be the ray 
falling perpendicularly on the mirror, which is taken for the 
axis of the obUque pencil, making / 0^00= 9. 

If qi be the first approximate focus of the direct pencil; and 
q^q^ the aberration of the extreme ray,, then the place of o, 
the least circle 3^ 

of aberration, 
is such that 

Art. 9. Also, ^ 
if 0' be the 
place of the 
cometa of ob- 
lique aberra- 
tion in the ray 
QfOA\ it will be a point in the image. 




Let a be the angle BOA or ROA, of the semi-aperture of the 
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mirror at O, we have y=^roL nearly for the extreme ray; and 
AB'=r{cL'^6) nearly. 

If we put now OQ=:m, OQ=:p, Oo'^q, we have 

^2 



p=m sec. fl=»n^l4- -^j nearly. 



Now, by Art. 13, and substituting the corresponding quantities 
in (2) we have, 

_ r . m sec. 9 3 r^ (a — 9)^m^sec.^ 9 
""2wsec. d+r 4 r (2»» sec. d+r)^ 



2mA+^) + r ^ ^2m(l + ^) + ry 

■"2m + r"'"2(2m + r)3"*"4 (2m + r)2 I "^ 2w + rJ 

If we take a small as in telescopic mirrors generally, and $ for 
the central parts of the field of view, small in comparison with a, 
we have the principal terms in the value of q thus 

rm 3 roL^w? 3 return? 



g= o^ .^ +T- 



2m+r^ 4 {2m+r)^ 2 (2»*+r)2 

which being of the form 

q^za — M 

where b is small, is the equation of an are of a spiral: also a 
and i changing sign together for points on the other side of the 
axis AQ, the whole image will be composed of two such arcs, 
meeting at a very obtuse angle at o ; with the convexity turned 
towards the mirror. 

When, in the next figure, we take q for the luminous pointy of 

E 2 
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whicli the image is at Q, we have from the expressions before 
found 

p g r 2r'\p+r r — qf 

substitating the £rst approximate value oip in the small term, we 
find 



p q r 7^ 



2 



whence 



P 



__ ^'Q 



y^q^ 



r — ^q r{r — 2^)^ 

where the last term is the aberration^ which the negative sign 
shews, is measured towards the mirror. 

Taking now q' any point in the straight line, let AqOd be the 
axis of the oblique pencil; and Oc)=py where & is the place 
of the cometa of oblique aberration in the figure. 




Then, as before, if Og=m, and z q'Oq = Qy 

r.Oq' 3 A'B'^ . Og'^ 

■P" r - 20q' 4 ■ r{r - %Og'f 

_ r.Oq.aecd 3 A'ff^ . Oq^ . sec.' 

~ r — 20q . sec. 6 4 r(r — 20g . sec. if 

\ ^) 3 »^(« - «) V (1 + fl^) 

4" 



rm 



- H' + t) 



[r-2m(l + ^)] 



2 



nearly 
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or retaining only the principal terms as before, we have 

rm 3 rm^a^ 3 rw^gg 

which is of the form 

or the image of the straight line consists of two arcs of spirals 
again, as in the figure, meeting in a very obtuse angle at o. 

The same method applies to finding the form of the image 
produced by a spherical mirror when the object is of any other 
given form, as a circular arc or any other curve line ; and thus 
to finding the form of the second image in the Gregorian and 
Cassegranian telescopes, supposing the mirrors spherical. 

In each of the last four articles we see that the image of a 
straight line is curved, and that small corresponding parts of the 
object and image are similar to each other, but the ratio of their 
magnitudes is variable ; so that diflferent parts of the image are 
diflferently magnified or diminished, or the image is distorted. 
For the small portion of the image, near the axis, which is seen 
in reflecting telescopes and microscopes, the distortion is not 
sensible, and the curvature requires to be considered in the con- 
struction of the eye-piece. 

Art. 21. Prop. To find the form of the image of a distant 
object, given by a parabolic mirror. 

Referring to Art 16. Let BAB^ be the parabolic section of the 
mirror; AG the 
normal at A, and ^/ 
the axis of an ob- / 
lique pencU, mak- 
ing z AGA = a j^ 
with the axis of 
the mirror: then 
the focus for the A^ 
direct pencil being 
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at the focus of the parabola F, that of the oblique pencil will be 
at some point q, of which the position is determined by the 
result of Art. 16, as follows, 

., , 3 ^ v^tan.^a 

Ag=^v=m sec. « — ^rv tan. a— =^—7 

^ 4}^ lorn sec. a 

where m^=A'F, y=the distance of any one of the parallel rays 
from the axis of the oblique pencil A'G. 

The aberration vanishing with a, and changing sign with y, 
for points on different sides of the axis A'G, we may take the 
image as the locus of q determined by the expression 

v=m' sec. a. 

Let AM-=x\ A'M=^'j/y be the co-ordinates of -4', An=x^y 
Q^^Vi those of q to origin A : and let y^^=-Amx be the equation 
of the parabola. By the property of the parabola we have the 
subnormal MG = 2m. 

AM y' 

tan, a = -=-=7;r = 7?— 
MG 2m 

Now a:y = An=AM+Mn=x'-{-vco9,a=a/+m' 

= a?' + ^y'^ + m^ — 2ma?' nearly 



='^+"''^^+-& 



=a?'+m + -^ nearly (1) 
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again, y^^qn^AM—v sin. oL^y'-^wl tan. a 



=^ neglecting y 



'3 



y'=2y^ and substituting in (1) 

2 



a? =a?j— m 



yi' 



m 
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substituting these values in the equation of the parabola^ 

2> 



we have^ 4yj^ = 4m( o?^ — wi — — j 



which is the equation of a parabola with its vertex at F, its con- 
vexity towards the mirror, and its latus rectum one-eighth of that 
of the mirror; so that we may consider the small portion which 
forms the field of view in a Newtonian telescope with a parabolic 
mirror to be nearly plane, with a sUght concavity towards the 
eye-glass. 
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CHAPTER III. 



ON THE REFRACTION OF LIGHT AT PLANE AND CURVED 

SURFACES. 

In Part I, the propositions on the refraction of light were dis- 
cussed only to first approximations^ we have now to proceed to 
second approximations^ with other higher propositions. 

Art, 22. Prop. To find the form of a small pencil of rays 
refracted directly at the plane surface of a medium to a second 
approadmation. 

Let Q be the focus 
of the incident rays in 
the figures, for a di- 
verging pencil in the 
upper one, and a con- 
verging pencil in the 
lower. Let QA be the 
ray falling perpendi- 
cularly on the surface and enter- 
ing it without deviation ; QP any 
other ray refracted in the direc- 
tion of q'P. 

Let AQ=u, Aq'=u', AP=y, 
Z PQA=:i = angle of incidence at P, 
z. P^A^i'= . , . refraction at P, 
we have in triangle QPq'y as in Art. 28, Part I., 

Pq^ _ sin. i __ 





or 



PQ"" sin. i'~^ 
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=li.u+^—^ ... by substitntiBg for «' its first 

approximate value in the small term. 

The last term is the aberration of the refracted ray, which varies 
as y*, and the least circle of aberration will be found from the 
results of Art. 9- 

If a conical pencil of rays be incident at a small obliquity, 
there will be oblique aberration, as in spherical mirrors, and the 
nearest approximation to a focus must be considered, as deter- 
mined by the figure of oblique aberration, according to the results 
of Art. 18. 

Art. 23. Prop. To find the form of a gmall pencil of rays 
refracted obliquely at the plane surface of a medium. 

Let BB" be the reiracting medium, Q the focus of the incident 
pencil, and QC 
any ray, which 
we may take 
for its axis. 
Draw Q^ per- 
pendicular to 
the plane re- 
fracting sur- 
face of the me- 
dium ; then 
QAC is the 

plane of incidence, and / CQ^=i=angle of incidence of QC- 
let the direction of the refracted ray meet QA in g^j, then 
Z Cy'j^=i'= angle of refraction. 

If we take QP a ray in the plane of incidence indefinitely near 
to QC, the refracted ray will have a direction Pq\ meeting C'g\ in 
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c[xi which is the position of the line of primary foci, parallel to 
the refracting surface ; being formed by the intersections of the 
rays refracted iii other planes. 

If with A for center, we describe a circular arc cCd through C, 
every ray incident upon the refracting surface in this arc will 
be similarly situated with respect to the line QA^ and the rej^acted 
rays will all meet it in the same point g'j' ^® ^ys incident 
on the surface in other arcs concentric with cCcf will intersect 
the line QA in other points, and form the line of secondary foci. 

To find the positions of q\ and q\y let QC=:-Uy q\C=ti{y 
^^C^u'^] draw C» a perpendicular on QPy and Cm another on 
q\P ; then Pn, Pm are the increments of u and u\y and 

du Pn CP sin. t ,,. ^ , 

=t- (1) 

Draw q\a perpendicular to the refracting surface, we have 
q\a^u\ COS. i , and QA^u cos. u 

Now q\a and QA remain constant, whilst u, u\y i and i', vary 
in passing from the point C to P; therefore differentiating we 
have 

0=co8. i' dui' —u\ sin A' . di' 
O=cos. i du — w sin. i . di 

, di COS. i u\ du sin. i' 

whence "57= ^/ • — • "tt" • -: — ; 

COS. t u aui sm. t 



COS. i Ui 

COS. »' u 



from (1) 



also differentiating sin. i=jx sin. i\ we have 

di _ COS. i' 
rfi'"" COS. i 

and equating these values of ^ 

, COS.^ t 

* COS.* t 
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Again AC= QC sin. i^q'^C sin. i 






tt2 = tt- 



Sin. t 



sin. i"^ 



= jXW 



Between the focal lines there will be a circle of confusion^ of 
which the magnitude and position may be determined as in the 
case of spherical mirrors. 

CoR. If the incident pencil had been a converging one, we 
should have found the same result j like as in the previous propo- 
sition the two cases gave the same expression. 

Art. 24. Prop. To find the form of the emergent pencil to a 
second approximation when a small direct pencil has traversed a 
refracting plate of a medium. 

Let PABR be the refracting plate, of which the thickness 
AB=t, let Q be the focus 
of the incident rays, and $' 
QAB the ray perpendicular 
to the plate and the axis of 
the pencil; let QP be any 
incident ray and q'PR the 
direction of the refracted ray 
within the plate, also qRS 
that of the emergent ray, 
which is parallel to QP. 




Let QA=Uy qA=u, qB=v, AP=y^ RB=y' 



we have, -—=-7^ or y'=y/ii±^\=y/l + J-^ 



y~^?' 



From Art. 22, 



U =jXtt + 



2jxn 
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also^ supposing the pencil to be incident in the contrary direction^ 

^ ^ 2fLU ^ 






When t is very small y=y nearly, and the aberrations at the 
two surfaces destroy each other. When t is small but not 
negligible 

^ -— ^ ^^ nearly 



V 






=/(l + ^)(l__L) nearly 






V = tt + 






2fi.''tt V JW.U / 



or the aberration depends on the thickness. 

Art. 25. Prop. To find the form of a small pencil trans- 
mitted obliquely through a refracting plate. 

Let QC be the axis 
of the small pencil di- 
verging from Q, and 
falling obliquely on the 
plate j g^i q\ the pri- 
mary and secondary 
foci of the refracted 
pencil within the plate ; 
qi q^ the primary and 
secondary foci of the emergent pencil respectively. 
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Let QC=u, q\C=zu\, q^C^u\ 
qiD=Vi, q2D=V2y AB=ty 

then if QAB be perpendicular to the plate^ the angle of incidence 
of QC= Z CQA^i; and angle of refraction Cq' 2^=1 ; also 
DC=AB sec. t'=^ sec. i\ 

At the first surface we have by Art. 23, 

, cos.-* t 

* cos.^ t 

At the second surface, supposing the pencil incident in the con- 
trary direction we have, by the Cor. Art. 23, 

^ , cos.^i' 

=tt'i+^ sec. t' 

cos.^ i' , ^ ., 
= u,u Q-r- + ^ sec. t 

COS.'* t 

. t sec. t cos.^ i 

ft COS.'* 1 

Again ^2=1^^2 

=^'2 + ^ sec. t' 
=lJi,u-]-t sec. i' 
. f sec. t 

we see that the confusion is a function of the thickness and the 
obliquity, and is very small for thin plates. 

Art. 26, Prop. To find the ray which passes through a 
given prism tvith the minimum deviation. 

Referring to Art. 33, Part I. Let a = the angle BAG of 
the prism, i= z SPn= the angle of incidence at P, i'= Z n'PQ 
= angle of refraction at P; e =/ »'QP = angle of incidence 
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on the second surface at Q, 
e= z RQm = angle of emer- 
gence at Q. 

d= z QD£= the deviation. 

We have as in the above- 
named article^ 

ct=r + e' (1) 

=i+e-a (2) 

We have also the relations sin. i = jx sin. i'y sin. e = jx sin, e, 

from which we obtain the values of the differential coefficients 

di ds 

-jr, , -jT } and d is therefore a function of one independent variable 

only, let this be taken i\ 




then from (1) 
and from (2) 



di" 
d {d) ^di rfe de' 
IT'^W^W di 

[U cos. i [JL COS. c' 

"~ COS. i COS. e 



=0 for the minimum value of d; or 
e'=e' and i—e, for this value. 

To shew that these correspond to a minimum value of d, talcing 
the second differential coefficient in respect of i', we have 



d^(d) _ dH d^ e 
dp '^ di^'^d^^ 






_ f/xcos.^i'sin.i— cos.^isin.t' ftcos.^e^sin.g— cos.^ e sin, (f 



L cos.^ i 



or for the above found values 



+ 



cos.^ e 



} 



d\d) _ 2jx (ft cos.^ i sin. i — cos.^ i sin. i) 
di"^ "" cos.^i 

which is positive, since always, sin. t > sin. i and cos. t > cos. i 
and the value of d=2 i— a is a minimum. 
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Art. 27. Prop. To find the direction of a ray of light after 
refraction in any planes by a prism. 



Let AB be the edge of the 
prism^ in the first figure, being 
the intersection of the plane 
faces CB and BD : let 8P be a 
ray incident at P, which is then 
refracted in PQ, and emergent 
at Q in QT; so that the refrac- 
tions at P and Q are in different 
planes; PN being the normal 
at P, On that at Q. 

If a pencil of parallel rays 
falls upon the prism, the re- 
fracted pencil within the prism 
consists of parallel rays (Art. 25, 
Part I.), as also the emergent 
pencil; so that if we consider 
the circumstances of a ray fall- 
ing indefinitely near the edge, 
we shall need to investigate 
only the directions of the rays, 
without taking into account any 
lateral displacement. 



Let SOs, in the second figure, 
be the direction of the incident ray, and 
take the center of a spherical surface 
with radius unity; NON^ the normal to 
the first surface, and OR the direction 
of the refracted ray; the plane of the 
first incidence being in the plane of the paper. Let nOn, in 
another plane, be the direction of the normal to the second surface 
of the prism, and OT, in the plane nOR, the direction of the finally 
emergent ray. 





Then the letters of the figure being upon the surface of the 
sphere, and the dotted lines being supposed below the plane of the 
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paper; the arc Ts measures the angle of deviation aOT^^^d which 
is to be found. 



Let Z of incidence at first surface = / SON- 

. refraction = 

. incidence at second surface 

. emergence = 

. the angle of the prism = 

. the angle betwei^n the plane of first 

incidence andN^he perpendicular 

section of the prism 



AsON' 
lRON' 
zROn 
TOn 
/.N'On 



=e 



= z RN'n=d 



Then we shall have spherical triangles formed, which will be 
as in the lower figure, where the same letters refer to the same 
points, supposing the surface of the sphere near R to be seen 
more directly. 

Now in triangles sRT, nRN^ we have 

T^rwy cos. 7% — COS. RS . COS. RT 

cos. sRI = . p . j^rp — 

sm. Jtis . sm. MI 

=cos. nRN' 

_cos. iV'n— COS. Rn . cos. RN^ 
~^ sin Rn . sin. RN' 



or 



cos. rf— COS. (i — • COS. (c — ^) _ cos. a — cos. e' . cos, i' 



sin. e' . sin. i' 



sin (i— • sin. {e—e') 

J (cos. a —COS. e' cos. t') sm. (t — O • sin. (e^-e^) / . ^v , ,. 

.*. COS. a:=- : — , . y — ^^ + cos. (t— t ) . cos. (e-^ef) 

we have also sin. f=ft sin. i\ and sin. e=jx sin. e' ; also to con- 
nect the angles ^ and i', we have from the triangle N'Rn 

A T^xT/ COS. R/i— -COS. RN' . cos. N'n 

cos, 6 = cos. RNn = : ^^t^t : TTT 

sm. RN . sm. Nn 

whence cos. e'= cos. i sin. i' sin. a + cos. i' cos. a 
which gives e' when a, t' and fl are known. 

If we make fl=Q in the above expression, we have, 
COS. e'=cos. (a— t') or a=t'+e' 
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and substituting cos. a=cos. (i'+c') in the value of cos. d, we 
find, after expanding cos. {i'+e'), 

COS. d= COS. [i—i'+e—- e') 

or d^i + e—i'—e' = i + e— a as in Art. 33, Paet I. 



Art. 28. Prop. To shew that the incident ray arid the 
emergent ray make equal angles with the edge of the prism. 

Let the points N\ R, s, n, T be the same in the annexed figure as 
in the two latter ones of the last ar- 
ticle. Take K a point on the sur- 
face of the sphere 90° distant from 
each of the points N' and n, where 
the normals meet it, then the line 
drawn from K to the center of the 
sphere is the direction of the edge of 
the prism. 

Draw the arcs of great circles Ksy 
KR, KT, since Kn and KN' are 
each equal to 90°, we have in the triangles KN'R, KN% 

COS. KR 




COS. KN'R= 



sin. N'R 
COS. Ks 

sin. N's 



sin JST o 
COS. Xi=cos. KR . ' T.j,T^ =ix COS. KR 

sin. N R '^ 

and in triangles KnR, KnT we have 

COS. KR 



COS. KnR= 



sin. nR 
COS. KT 
sin. nT 



COS. KT=: COS. KR r-^ tT- = ft COS. KR 

sm. nu 

.'. KT=Ks, or the points where the directions of the incident 
and emergent rays meet the surface of the sphere are at equal 
distances from the point where the edge of the prism meets it; 

F 
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that is, the incident and emergent rays make equal angles with 
the edge of the prism: also the angle which the refracted ray 
within the medium, measured by the arc KR, makes with the 
edge, is known from the expressions above found. 

Art. 29. Prop. To find the form of a small pencil of rays 
after traversing a prisma in a perpendicular section. 

Let ABC be the perpendicular section of the prism, Q the point 
from which the pencil diverges, QPRS the path of the axis of 



n 



\ 
\ 



^ 




>^^ 


~5i 


\ 









the pencil ; draw »Q a perpendicular on the first surface of the 
prism, then by Article 23, (f,^ the place of the secondary focal 
line will be in it, and (f-^ the place of the primary focal line will be 
as in the figure. From ((^ draw ^^ a perpendicular on the 
second surface produced j then the positions of the primary and 
secondary foci of the emergent pencil will be at the points q^ and 
q<^ of which q,^ is in q^ and q^ very near it. 

Let QF^Uy 5^iP = w'i, ^2^^^\y 9'i^=Vi, g2^=^2 i ^®* 
«= ABAC of the prism, i= angle of incidence of QP at P, 
i'= angle of refraction at P, e'= angle of incidence at R on the 
second surface, c= angle of emergence at JR. 

From Article 23 we have 

, cos.^ i 

' ^ cos.^ % 
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Also, if the rays had traversed the prism in the contrary direc- 
tion, converging to Qi and jfg^ the refracted rays would have 
converged to q\ and q'^ respectively; therefore we have 

, „ cos.^ e 

* * cos.^ € 

Now, q\R=u\-\-PR=u\ + AP . ^!"' ^^^ 

^ ^ * ^ sm. ARF 

Let AP, the distance of the point of incidence of the axis 
of the pencil, from A, =a; also /. ARP = ISQP -- {a + APR) 

= 1800-(a + 9(y>-0 

^•. / T> / sin. a 
then g .R=:u.-\-a 7 v; 

^ ^ * cos.(a— e) 

and q'^R=u\ + PR 

, . sin. a 



^ COS.(a — i) 

Substituting the values of tt\ and w'g ^® have, 



cos.^ f! cos.^ i' sin. a 



jXVi 5 — = \LU g-r- + a 



cos.^e cos.^ i cos. (a— i') 

sin. a 



^"' = ^" + %OS.(a-0 



whence 



cos.^i' cos.^c a sin. a cos.^e 

^ cos.^i cos.^c' jx COS. (a— cos.*^ e' 

a sin. a 

^ jX cos. (a— i) 

we see that in general there will be a circle of confusion; 
but at the angle of minimum deviation, when i=e, i'=e'=— , 
we have 



o 



a sm. a cos." t 



— — » 



jm. cos. (« — »') cos'* *' 

f2 
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2 a sin. -^ 1 —ft* sin.* -^ 



COS. 



2. 



a 



VQ = t« + 



a Sin. a 



JU.COS. (a — t) 



2 a sin. 



a 



= tt + 



f^ 



We see that near the angle of the prism the primary and 
secondary foci coincide very nearly ; but that they separate more 
and more as the thickness, of the prism which is traversed, becomes 
greater. 

The above discussion shews why the prism was directed to 
be set at the angle for the minimum deviation in the Chapter 
on Chromatics, Part I. pp. 107 — 8. It also points out the 
precautions to be taken when an exceedingly pure spectrum is 
required. 

When the pencil is large, it must be remembered that, in 
accordance with Art. 22, it will be subject to aberration. 

Art. 30. Prop. To investigate the eqtiation to the surface of 
accurate refraction. 

Let the pencil first di- 
verge from Q, and after 
refraction converge to 
some point q' in the nor- 
mal to the surface, QA^. 
Let Q^=a, q'A=^b. 

Taking any two rays of the pencil QP, Qp indefinitely near each 
other, let QPz:^^, q'Pz=zp, Draw the perpendiculars Pn and pm 
on Qp and q'P respectively ; 

then /w= increment of p = dp 

Pw = decrement of p'= —dp' 
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and if the arc AP^s, then Pp = ds; let i and i' be the angles of 
incidence and refraction, we have 

Pm=: Pp . COS. pPm or — dp' = ds Bin. i' 
pn=Pp . cos, Ppn or dp =d8 sin. t 
dp = — jxdp' 

and integrating p=z—^p'-\-C 

for the direct ray QAq\ we have 

p=:a'^[j,b—fji,p' (1) 

which is the property of the surface stated at the beginning of 
Chapter V, Part I. 

To find the equation of the surface to polar co-ordinates, let 
/^PQA=dy /.Pq'A=zy. In the triangle QPq'y we have the 
relations 

p'^=p^ +(a + 6)2_2p(a + J) COS. $ 

p2 =/2 + (a + j)2_2/(« + i) cos. r 

between these equations and (1) we may eliminate p or p\ and 
obtain the equation of the curve PAP', for q' or Q the pole 
respectively, as follows. 



p'2(^2_l)-2p'(ix.aH-iU'6-aH- Acos.90 4.2ai(^-l) + J2(^2_l)=0 (2) 

If in (2) we take a indefinitely great, for the case of parallel 
incident rays, the terms into which it enters as a multiplier will be 
indefinitely great in comparison with the others which may there- 
fore be neglected; also a being then a common factor, divides 
out, and we have 

P /*-C0«-«' 1_1.C08J' 

wliich is the equation of an ellipse referred to the further focus 
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(q) as pole, with eccentricity e= — , in accordance with Art. 37, 
Part I. 

If in (3) we take b indefinitely great, for the case of the refracted 
rays being parallel, we need retain only those terms into which 
it enters as a multiplier, and afterwards omitting it as a common 
factor, we have 



]"- ) — a(f^— 1) 



^1 . 1 — jW' COS. 9 

COS. 

which is the equation of an hyperbola referred to the further 
focus (Q) as pole, with eccentricity e=jx, in accordance with 
Art. 38, Part I. 

If a convergent incident pencil is to be refracted accurately to a 
focus, or a divergent incident pencil is to be refracted diverging 
accurately from a virtual focus, we find for both cases, using the 
same notation as before, 

dp = [udp' 
and p=a — iib-\-iup' 

from which the polar equations of the curve, whose rotation about 
the normal ray QAq' generates the refracting surface, may be 
found as before. 

From these the cases of accurate refraction at a spherical 
surface, as shewn at Art. 39, Part I. may be easily deduced. 

Art. 31. Prop. To find thefi/rm of the refracted pencil to a 
second approximation and the aberration of a given ray when 
a pencil is incident directly on a convex spherical refracting 
surface of a medium. 

Let Q be the point from which the incident pencil diverges; 
PAP' the section of the spherical refracting surface, of which the 
center is ; let QAOq' be the ray which is incident perpen- 
dicularly at A ; QP another ray refracted in Pq\ 



ON PLAN£ AND CURVED SURFACES. 



71 



If jf 1 is the focus of the refracted rays, for an indefinitely 
small pencil, then ^^(^ is the aberration of the ray P^. 




Draw PM perpendicular to QAO^ and let AM—Xy PM—y be 
the co-ordinates of P, to the origin A; and if the radius 
OA—OP-r we have y^^irx—a? ; let also QA—u, q'A^zu' , 
then QP^=^QM^-{-PM^ 

^^{u+xf + y^ 

— {u+xf + irx—a? 

= u^-\-2x{u + r) 

= ^*A/l+2^-f— + — ) 
V u\r u J 

q'P^=zq'M^-}-PM^ 



similarly 



and 



Now from the triangles QPOy q'PO we have, as in Art. 43, 
Part I. 

qO QO 



q'P 



QP 



l*,{i/—r) 



u+r 



dividing by r, fee. 
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/f_ii=/i4.1\ ri +2^1+1)1 X {l-2^Ji(l-\)\ 
r u \r uj\ u\r u/i I u \r u / [ 

Neglecting the terms involving x we obtain for u\ the first 

. ^. / 1 1 \ 1 1 
approximation ]u,l 7-1= 1 

and Jt=ltzl-1. 

as found in Art. 43, Part I. 



Ui r u 



r 



. If we substitute this value in the small term, we shall obtain a 
more correct value of t*', by extracting the roots ; and proceeding 
in the same manner we may find the value to any required accu- 
racy, for any given value of a?. 

When a? is small but not negligible, omitting powers of it above 
the first, we have, 

4=^-(i+i){i - .r^(i+i)+i;(i-^)l} 

u r \r u/l i_u\r u) u\ir u /J J 

u \u\r u) ]u,^\ r u/\r uj ) \r u) 

r u jx^ \r u/ \ u r) 

If we substitute the approximate value y^ = 2rx nearly, we have 
the second approximation in the following form : 

u r u 2 [jJ^ \r u) \ u r) 
and the aberration = tt'^ — tt' = tt'X( — 7 — 7- ) 

When the second approximation only is wanted, we arrive at it 
more concisely as follows. 
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and 



=M^+-^(w + r) nearly 

g'J«=M'2-2a?(«'-r-) 

=tt'^— — (w'— r) nearly 



substituting in 



we have 



q'OQO 



u-\-r 



•■■''(?-?)=(?+;)('-j[s(?-7)+;(f+:)J} 

~"\r f^/L 2jx^ \ u r/\r u/j 

w r tt 2]x'* \ w r/\r u/ 

Case 2. When Q is so near to -4 that ^ is a virtual focus, as in 
the next figure, we have 




q'P^=zu'^-]-2x{u' + r) 
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which gives 



u 



U 



+ 



.-i)/i^iY/^+i_^i\ 



and the aberration g'g'i has the same expression as before, but is 
now measured from A, 

Case 3. When the incident pencil converges to Q, as in the next 
figure, we have 




and 



V u \r u/ 



which gives 

ft ^ft-1 ^ 1 a?r(|x-l) /I iV/fJ^ + l 1\ 

and the aberration is measured from the first approximate focus 

towards or from A according to the sign of the factor I- ); 

and vanishes when (ft + l)r=w, which is the case of accurate 
refraction at a convex spherical surface investigated in Art. 39, 

Part I. The aberration also vanishes with the factor ( 1 or 

when u=r, that is when Q coincides with 0, and each ray enters 
the medium without deviation. 

We see, that as in the cases of the first approximations, any one 
of the formulae may be adapted to another case, by taking u and u' 
with contrary signs when measured in the opposite direction from 
A to that for the given formula. 
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For a pencil of parallel incident rays, if we make w= oo, we 
have 

which can be easily obtained by a direct solution. 

Art. 32. Prop. To find the form of the refracted pencil to 
a second approximation and the aberration of a given ray when a 
pencil is incident directly on a concave spherical refracting surface 
of a medium.. 

In the figure, being the center of the circular section PAP" 
of the spherical 
surface, let Q be 
the point from 
which the inci- 
dent rays diverge ; 
and QP being any 

incident ray, let \^ \i^ 

qP be the direc- 
tion of the refracted ray ; Qq'OA being the axis of the pencil. 

Let QA=u, ((A^Uy AO=:r ; also, drawing PM perpendicular 
to AQ, let AM=x, PM=y ; and y2=2ra? — ^. 

Now QP^=QM^^PM^ 

=M^— 2^(tt— r) 




and qp=«a/ !-—(---) 

V u \r u) 

similarly qP^ = qM} -h PM^ 

=M'3-2a:(w-r) 
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From the triangles QPO, q'PO, we have, as in Art. 44, 
Part I., 

q'O __ QO 

iu[u'—r) _ u—r 



or 



v-^e4)""V-^e-^) 



whence 

u r \r u)\ u \r u/i \ u \r w'/J 

If we neglect the terms involving a?, we have the first approxi- 
mation 

iji^ r u 

and if we substitute this value of u' in the term with x, we shall 
have a more correct value of u ; and substituting the last found 
value again in the small term, we shall have a still more correct 
value of u', and so onwards until any required accuracy is 
attained. 

When X is small, we obtain a more convenient expression by 
extracting the roots as far as the first power of x, and have 

Mj r u \r u/\u\r u) u\r u/) 

r u \r u/ ^u jx-^V r u/j 

r u li? \r u) \ u r) 

This expression might be deduced from that of the last article 
by putting — r for r, and —u' for u\ 

For the aberration, taking u\ the first approximate value of u, 
we see that -^ is greater or less than -^ , therefore u' is greater or 
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less than w'^, or the first approximate focus q\ in the figure lies 
nearer to or further from A than q\ according as the sign of the 
last factor in the small term is positive or negative. 



The aberration =««' 



^Va?r(|x-1) /1 _ 1 Y. /fH-1 
a^ \r u/ \ u 



- 1 nearly. 



We see that there are cases of no aberration for a diverging 
pencil incident on a concave refracting surface, as shewn in 
Art. 39, Part I., and the aberration changes sign as Q passes 
through the more distant of the aplanatic positions. 

The other cases for pencils of converging rays, may be inves- 
tigated in the same manner, or the results may be deduced from 
the previous ones by changing the signs of lines when they are to 
be measured in the contrary direction to that in the given case ; 
as for instance. 



Case 2. When the 
incident pencU con- 
verges to the point 
Q in the annexed fi- 
gures, we find, by 
taking u negative in 





' — W^ 



the preceding expression, 

u' r u [ju^ \r uj \ u rj 
which applies to the upper figure when ->- , and thence q' 
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falla on the aame side of A with Q ; and to the lower figure when 



1,^:1 



and g' falls on the opposite side of A firoiD Q. 



The aberration is measured in the first figure from A and ia 
the second towards A, from the first approximate focus g',. 

Art. 33. To explain the change in ike aberration when a < 
pencil passes at a small obliquity through a circular aperture of a 

spherical refracting surface. 

Let BAR be the section of the circular aperture by the plane of 
the paper ; A being its ecnter, and the center of the curvature. 




Then OAQ is the axis of the refracting surface; and if a pencil 
diverges from a point as Q', out of OQ, the line Q'A'Oq' which 
enters the medium without deviation, may be considered the axis 
of the pencil. If g\ be the first approximate focus, q' the point 
where the ray refracted at the edge B of the aperture meets g'lA' ; 
and q" the point where that refracted at the edge 5* meets it ; we 
shall have g\g" greater than g'lq', and the sections of the pencil 
near these points will not he symmetrical, but will produce figures 
analogous to the corresponding ones in mirrors as discussed in 
Art. 13. 

Effects of a corresponding natnre will arise in oblique refraction 
e surfaces. 



Art. 34. Prop. To find the form of (he refracted pencil 
when a diverging pencil is incident directly on a double convex 
thin lens; and to find the aberration of a given ray. 

Let QABg be the axis of the pencil incident directly on the 
lens; let QP be another ray of the incident pencil which is 
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refracted at the first surface in the direction PR^^ and at the 
second surface in the direction Rq. 




Let AB= thickness of the lens =/; QA 
let also r= radius of the first surface, s- 
iv=AM, x'=BN, PM=y. 



u; Aq'=^u' ; Bq=v; 
that of the second ; 



From Art. 31, we have, 

ft 1^-1 1 aT(|^-l) /l ly/fc + l 1\ 
u' r u fji.^ \r uj \ u r) 

Considering the rays to pass in the contrary direction, diverging 
from q, we have from the second Case of Art. 31, 

— ^= — T-7— r= — ■^— "^ nearly, since t is small, 
Bq Aq^t u u^ ^^ 

__|x-l 1 . ar^^(|x-l)/l , l\Vjx + l . 1 



s 



V 



+ 



V 



^i)(^4) 



Adding this latter expression to the former, and substituting the 
first approximate value of u in the term containing t, we find, 

r ^ ^W sJ u ft\ r uj 



+ 



'(ix-i) /i ly/jx+i i\ ^.(i^^i) /i ^ ly/jx+i ^ i\ 



Since Pit/ and RN are very nearly equal in a thin lens, we have 
t^zuzZrx—a^zzz^sx'—x"^ very nearly, 
X and a?' being very small, we have 

rx=^sx' very nearly; 

therefore, if we put -7i=(ft'— 1)| — I — | we have, 
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i=i_i+±f?i=:l_i)%£!<qri)j(l+iy(a±14W(Uiy(e±ia)| 

V f u fi\ r uf fi^ {\r uj \ u r/ \8 vf \ v 8/ } 

If we put ar=^ nearly, we have the second approximation in 
the following form ; 

V f u fi\ r uf 2fi^ [V u) \ u rj \8 v/ \ V #/J 

The first approximate value , of v being substituted in the small 
term of the above expressions, a more correct value will be 
obtained; and by successive substitutions, still more correct 
values. 

Again, to find the value of the aberration, let r^ be the first 
approximate value of r, or 

Vi f u fjt.\ r u) 
we have the longitudinal aberration =1;^— t; 

= vA ) 

Or, from the above expressions we have, 

,-.=«>v=l){(l.iy(e±l.l)<l.i)'(e±2,l)} 

The values of this expression will change with Uy r, and 5, and 
values of r and s can be found, which will give a minimum aberra- 
tion for given values of xr( =-^ nearly I, ft, / and u; as vrill be 
found in the next article. 

Art. 35. Prop. To find the form of the lens for which the 
aberration of a given direct pencil is a minimum ; and to find the 
positions of the fod when the aberration of a given lens is a 
minimum. 



ON PLANE AND CURVED SURFACES. 81 

In the last article we found the general expression for the 
aberration to be 

which, putting A for the expression between the large brackets, 



IS 



Vi^rVzl).^ 



f-^ 



The questions of minima depend on Av^ for a ray of a pencil 
falling on the lens at a given distance y from the axis, and the 
expression for A involves the reciprocals of the four quantities 
Ty Sy Uy Vy to thrcc dimensions ; but when we substitute the values 
of 8 and Vi in terms of r, /, and w, the second term contains the 
quantities of the first term, but aflfected with the negative sign, so 
that the highest powers go out and leave an equation of two 

dimensions only, in - and - . 

For substitution we have, 

J— 1-1 

Vi""/ u 

111 



which give 

This expression is homogeneous in w, r, and /, and if we put 
WM=/, nr=f; after multiplying up the factor f^ we have 

^ ^V = (3/* + 2)m8 + (/i + 2)n^ + 40i + l)iwn- ^^^^_^^^^ m-- ^^^^J^^^^ n + ^^, 

To find the form of the lens which has the least possible aber- 

6 
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ration for given values of f and m, we must equate to zero the 

dA 
differential coeflScient -3— , or we have 

an 

whence ^=2(^-i)(^+2)"irT2"^* 

and n being calculated for given values of \l and m^ we have r and 
« as required. 

To find the positions of the foci when the aberration is a mini- 
mum or maximum negative for a given lens, we must have 

or 2-41;, +1; 3-^=0 



but 



and 



1^1 1^1-w 

dm (1— w»)^ 

dm 
which gives a simple equation in m as follows, 

from which we can calculate the value of m when n and ft are 
given ; and then also the magnitude of this minimum aberration. 

Ex. 1. Required the form of the lens of least aberration for 

3 

parallel incident rays, when |x=- . 

Taking the f«„* „=^-^+lL ?fci^)„ 
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wehave^ m=0 since the incident rays are parallel^ 


A 12 
and «=-y- 


7 /• 


and s=^f 


or s=6r 


This is the form of the 
lens long known to the 


K 


practical opticians under ^ ^^ — 




the name of the crossed ^*^ — — -_ 


^ 
* 


lens^ as in the figure. 


y 



Ex. 2. Required the best form of a lens when the emergent 
rays are parallel^ or when w=/ 



We have now 
and 



n= 



w = l since u=if 

12_10_2 

7 T^l 

.-. r=^/and,=j^/ 

or^ the lens is the same in form as in the previous example^ but 
with the less curved side to the incident rays. 

Ex. 3. To find the value of the refractive index when the 
radius of the first surface taken equal to the focal length gives the 
best form of a lens^ for parallel incident rays. ' 

We have now »»=0, and «=1 . 
Substituting these in the equation 



0=2(|x + 2)»-f4(/t + l)w- 






we find 1^=4, but there is no substance known with this refractive 
power. 

o 2 
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Ex. 4. To find the value of the refractive index when the 
plano-convex is the best form of a lens^ for parallel incident rays. 

We have now m=0 and w=0 
and the above equation gives 

1 

which is impossible^ since the least value of jx must exceed unity 
when rays from a vacuum enter a dense medium. 

Ex. 5. To find the refractive index when the convexo-plane is 
the best form of a lens, for parallel incident rays. 

We have m=0 and -= — -. — ^^, ^ ^ =0 since «= oo 

1 

and these substituted in the above equation give 

|x = 1.686 and jWr=— 1.186 

The first is the refractive index of some of the denser glasses, and 
the latter is impossible. 

Ex. 6. To find the positions of the conjugate foci when the 
longitudinal aberration of an equi-convex lens is a minimum. 

3 

With |"'=o , we have now n=l 

and m= g«[»(f^-l)-l](i^-l)0^+2) + i^(l+2i^-i^' ) 

(,^-l)[4«0t2-l)+8f.(ft-l)-4] 



13 

and u=-—f, »=2o/ 

or the incident pencil con- ^"^ _"; r 

verges to Q, as in the fi- 
gure. 
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Ex. 7. To find the positions of the conjugate foci when the 
longitudinal aberration of the crossed-lens is a minimum. 



We have now n=— , which gives m= - 



191 



and 



191 . 191 . 



99 "" ^~290 
or the incident pencil converges as in the figure. 



C 



IF 




Ex. 8. To find the positions of the conjugate foci when the 
longitudinal aberration of the convexo-plane lens is a minimum. 



We have now «=2, which gives m= 



11 



... u= — -/andt?=Yg/ 
and the conjugate foci are situated as in the figure. 



4 







Ex. 9. To find the positions of the conjugate foci when the 
longitudinal aberration of a plano-convex lens is a minimum. 

We have now n=0, which gives m=3 
M=^andt;=— g/ 

and the incident pencil is now 
strongly divergent, as in the fi- 
gure. 




gtr y 
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The following is a table of the coefficients in the aberrations of 
the different forms of lenses for parallel incident rays, when 

3 

f«.=2. 



Species of Lens. 


Valaes of r and s 
in tenns off. 


Value of 

A. 


Coefficient 

of or 

or j/s. 


Plano-convex • . . 
Convexo-plane . . , 
Equi-convex .... 
Grossed-leng . . , . 
Crossed-lens inverted . 


r=oo, a=g/ 

1- 
'•=2/» «=» 

r-f. s-f 
7 7 

7 7 
r=^f, *=i2/ 


81 
2/» 

21 

2/» 
15 

135 
14/8 

435 
14/» 


9 

/ 
7 

¥ 

10 

3/ 
15 

7/ 
145 
21/ 



When rays fall on the different forms of lenses at equal distances 
from the axes^ we have the ratios of the aberrations by comparing 
the values of A ; thus the aberration in the plano-convex is nearly 
four times that of the convexo-plane lens. 



,3 



If we take the second approximation by putting -^ for a?r, we 
find^ as in Art. 9^ the radius of the least circle of aberration 

_ y»»i(f«— 1) 

- v~^ 

and its distance from the first approximate focus 

8 



=4K-») 

_3 t>iV(ft-l) . 

-8 — ;? ^ 
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Art. 36. Prop. To find the form of the refracted pencil 
when a diverging pencil is incident directly on a double concave 
thin lens ; and to find the aberration of a given ray. 

Let QqAB be the axis of the lens^ and the direction of the ray 
which falling perpendicularly on both surfaces^ emerges without 




deviation. Let Q be the focus of the incident rays ; q' that of the 
refracted rays within the lens ; and q the virtual focus of the emer- 
gent rays. 

Let AB= thickness of the lens^ which is small^ =^; let QA=u, 
(fA^^jCy qB=v; r and s the radii of the first and second surfaces 
respectively^ also w x' and y as in Art. 34. 

By Art. 82 we have 

tt' r u \i? \r u)\ u r) 

Considering the pencil to fall upon the lens in the contrary 
direction converging to q, we have from the second case of 
Art. 32, 



Bq' 



s 



V 



,3 



\S V/ \ V 8/ 



- M' 



u'-^-t 



ft u4_ 
u' ^ ii^ 



Adding to the former equation and substituting the first 
approximate value of %l in the term with t^ we find, 
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V 'ir sJ u fji^\ r u) 

Also the distances of P and R from the axis being very nearly the 
same, we have, y^ = 2ra? — otr^= 2sx' — x'^ 

8x'=rjff nearly 

and putting /for the principal focal length, we have 

V f u [jt,\ r u/ 

ft^ I \r w/ \ w r/ \« vj \ V sJ i 
putting y^=2ra7 we have the second approximation 



11.1 f/f.-i.iy 



V f u ]x\ r 



which we should have deduced from the corresponding expression 
in Art. 34, by changing the signs of r, s and v. 

Putting t?i for the first approximate value of v, we have, the aber- 
ration = v.— i;=t;,t;( I 

which is to be measured towards A nearer than the first approxi- 
mate focus 5^1, since — is less than - , or r^ greater than r. 



t?i V 



The other cases of convex and concave lenses may be investi- 
gated directly in the same way as the above, or the results may be 
obtained from any given formula taken as the standard case, 
by changing the signs of the lines which fall in a contrary direc- 
tion to what they do in that case. 
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Art. 37. Prop. To investigate the forms of the lenses for 
which the aberration vanishes at certain positions of the conjugate 
foci. 

In order that the aberration may vanish^ we must have the 
quantity A of Art. 85 equal to zero, or 

which being solved, gives us the two values of m in the following 
expression, 

_f *(3/*+l) — 4(/ig— l)n±^V(/i — iy»2 — V(/i— 1)» — /i2(3/i»+2/i~^) 

2(^-.l)(3/i + 2) 

but in order that m may be real, we must have the quantity under 
the radical sign equal to or greater than zero, or 

4(|x-l)V-4(|x-l)n-(3ix2 4-2ix-l)=or> 



m— 



1+ v'iM,(3f<,+2) 
"="'^^ ~2(^-l) 

3 

If we take f^^n this expression gives us, 

n=or> 1+3.12, 
or 7i=or>4.12 and —2.12 

Substituting n=4.12 in the above expression for m we have 

m=— 1.9 

/ f 

and tt=-2^ = — -2^ 

m 1.9 

Or, Q falls on the opposite side of the lens to that in the figure of 
Art. 34, and the incident pencil is strongly convergent. 

Also -=-7; — 

V f u 

2.9 
■"/ 

• "^2.9 
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For the form of the lens we have 

r-L-J- 
«~4.12 

1_ 1 _1^ 

,-(^^-1)/ r 

2 4.12 

"/ / 
2J2 

" / 

2.12 

These data give a meniscus lens and Q, q the conjugate foci, as 
in the figure, drawn for a focal length of three inches. 




Again substituting n= —2.12 in the expression for m we have 

»»=2.9 



and 



u 



=z=_z 



m 2.9 



n 



2.12 



* 4.12 

This is the same lens as before^ with the concave surface towards 
the incident lights which diverges firom g, and is refhtcted diverg- 
ing accurately from the virtual focus Q. 

The values of m will be real for all values of n positive or 
negative respectively, greater than the above ; but for such lenses 
m will have two values which give -4=0, and between these the 
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aberration changes sign. It is useful to examine a case amongst 
the forms of lenses which have this property of two aplanatic foci, 
with the aberration changing sign as the geometrical focus of 
the refracted pencil passes from one side to the other of these 
points. 



Let n=6, we have, 



^ 6 ^ * 4 



also for -4=0 we find 

m=— 2.44 and m=— 4,25 

And again, if we put this value of n in the expression of Art. 35 
for the aberration a minimum, (which is here a negative maximum) 
we find, 

m=-3.16 

which lies between the above. 

The figures shew the form of the lens when of 3 inches focus. 



fto ft- fto 






and the positions of the conjugate foci, which for the sake of 
distinctness are marked on different figures; Qo and q^ marking 



_F _^, 0.^ .0 



^a i^i' 



the aplanatic foci, and Q^ ^^ those at the negative maximum 
aberration. 

We see that as n is larger the meniscus becomes deeper, and 
the aplanatic foci more separated. In all the cases of a positive 
focal length, whether n be positive or negative, the lens is a 
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meniscus, and the incident and emergent pencils have their conju- 
gate aplanatic foci on the concave side of the lens. 

Again, let / be negative, or the lens essentially concave, for 
a single aplanatic focus we have as before n=4.12, and n= —2.12 
which give, 

_ -/ -/ _ / 

^"4.12 ' *~ 2-4.12 ""2.12 

— f f —f — /* 

and y — '^ '* q — J V 

-2.12 ""2.12 ' 2 + 2.12 "4.12 

or the two values of n give the same concavo-convex lens, but 
turned the reverse ways to the incident light ; the two correspond- 
ing values of m are m= — 1.9 and 7W=2.9 as before 

^^ "=^=li' also i=ir-i generally. 

•• ««+/" 2.9 

That is, in the first position of the lens, we have the incident 
pencil strongly 
divergent, as 
well as the re- 
fracted pencil, - (( ^ — j^ ^ 1^1 
the positions 
of the lens and 
conjugate foci 

being as in the figure, which is drawn for a focal length of three 
inches. 

In the second position, we have the convex surface turned 
towards the incident rays, which converging to q are refracted 
accurately converging to Q. 

With greater positive and negative values of w, we have deeper 
concavo-convex lenses with each two aplanatic foci, and the aberra- 
tion changes sign as the focus of the refracted pencil passes from 
one side to the other of those points. 

These being the only cases in which the term which gives the 
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aberration can change sign^ and as we have generally for convex 
lenses^ 

1^ 1 arC/t-l) 



V V. 



2 



therefore, when v^ and v are positive 

1 1 
-> — 

V Vi 

or v<t;i and the aberration is mea- 

sured towards the lens. 

When Vi and v are negative, or the image virtual 



i_ 1 ^ Mt^-i) _^ 



and 



or 






sured ^om the lens. 



v>Vi and the aberration is mea- 



Art. 88. Prop. To find the aberration of a spherical refract- 
ing surface when the pencil is so large that the second approxima' 
tion is not sufficiently accurate. 

Referring to Art. 31, and using the same figure and letters, or 




QA^u , <iA—v! 
OA^r ^ AM=^x y 

we have the fundamental equation 

QO _ £0_ 

QP ""^ • g'P • 



PM=y 



(1) 
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and QP=«/\/l+2^^1+i) 

For convenience, put ;? = 2a? -( — I — ), / = 2a?— I - — -r ) 

^ ^ tt\r «/ u\r u / 

we have 
substituting in (1) 



or 



rw\r W/L2 4 8 J 

From this the second approximation is obtained as in Art. 31, 
by neglecting terms with powers and products of z and / above 
the first : 



or 



^^jx-^l 1 otOx-I) /! ly/jx + l 1\ 
u r «■*■ It? \T u}\ u "^r/ 



For the third approximation, retaining all the terms with a?^ we 
have 



u\r u / 
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2^ITr/t— 1 1 



V 



U 



+ 



+ 









and y-^(l+iy(^_iy as far as *» 



zz 



'=2^(1+1) xWl+lV(izi_l\ as far as ^ 
jx^tt \r u)\T u) 



Substituting these values we have 
tt' r tt'^Vr'^tt/l 2 4 8 J 

r u ft* \r «/ \ « r/ 

1 /ft-l l\/|t-l 2|x»+l \ -I 

If we put u'l the first approximate value of u', we have the 
aberration = u\—i/i = «,'«' ( -r — 7-), which must contain all the 
terms with a^. 



+ 
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Art. 39. Prop. A diverging pencil of rays falling on a 
double convex lensy required the form of the emergent pencil to 
a third approximation^ and the aberration. 

Using the figure and notation of Art. 34, where QABqq' is 
the axis of the lens and the direction of the ray which has no 



^-^ 




deviation ; let QP be another ray refracted in PRq' within the 
lens, and finaUy emergent in the direction Rq, 

By the last proposition we have 
u' r u uL,^ \r u/ \ u r) 



4- 



\r «/ I jx* \ w r'\ r j u) 



+ 



2/t 



' \ u r ' \ r I u/ Ai 
*\ r u)\ r u 



8^ 



)} 

or, putting B for the part of the last term within the large 
brackets, 

u r u (ji^ \r u/ \ u r/ \r u) 

Now, supposing the lens very thin, and the rays gB, qR to fall 
upon the lens, diverging from g, and to be refracted diverging 
from qy we have 

U 8 V fJi^"^ \S V/ \ V 8/ \8 V/ ^ 

where B^ is formed by putting 8 for r and v for u in the expression 
for B. 
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Adding to the former we have 

V ^^ '\r 8/ u jx^ \r u/ \ u rj 

Ih" \s v) \ V sj 

\r u) \8 vf 

In this expression we must use the first approximate value of v, 
say Vi, in the term with x^^y but we must use the second approxi- 
mate value in the term with x y since we retain all terms of the 
order ai? ; also the lens being thin, we have the ordinates RN and 
PM equal, very nearly, 

y^ = ^rx—3^^28x—x'^ 
or xs=xr^ jr 

XT 

and x=. — nearly, as used for the second approximation, 

s 

^2 /y.2_^2\ af^r^/ 1 1 \ 1 

This value of xs we must use, since we retain terms with aP' ; 
but we must use in the last term x^V=x^r^, for our third approxi- 
mation. Now for the second approximation we have, as in 
Art. 34, 

l=(^_i)(l+l)_l+^:(t^){(l+i)Y!i±l+l)+ 

V ^'^ ^\r 8/ u jx^ l\r uj \ u r) 



+ 



(i+i.)Y^_±i+i)} 

\S ^1/ \ Vi 8/^ 



or putting A for the quantity between the large brackets, as in 
Art. 35, we have, 



V '\r UJ u \L'^ 



^ 1 ^ xrifj.-!) ^^ 



Vi fx? 



H 
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Substituting this value, and the value of xs above, in the former 
equation, we have for the third approximation, 

V '\r s) u [L^ \r u) \ u r) 






and the aberration to a third approximation is 

in which we must retain all the terms containing a?'. 
Now -= — I ^^-g — -A^ to the second approximation 

and .-. w^ = vM\ _ ^ v^ "^ ^^ ^ \ 

and the aberration =1;^— v, by putting C for the coefficient of ^r^. 
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Art. 40. Prop. To transform the expression for — into 
another with the quantities of Art. 35. 

As in Art. 35 we have mu=f , nr=f 
•■■ u-J'r-f 



1_ 1 11/ 1 \ 



These give, as in Art. 35, 



^ = -j-^^^YT^- { (3/it + 2)m2 + (/li + 2)»2 + 40* + 1 )m« - 



M3f*+1) ^ M2^ + l) , V? \ 



and also for the quantities B and 5^, first used in the last article, 
the following values 

^^f.-l/^+l^l\/2-f.^2\ 3 ^ 

^ 1 /ft-l IVf^-l 2|x^+l \ 
2jM.*\ r u/\ r u / 

=2;^(('*~^)^^~'*^"'+^^'-^)(^~^'')'""~^^'~^)''"1 

,,-\U + \ \\(%-y. 2\ J_ 
^- fc* \ Vj "^sA * "^»,/ 2V 

2jM-*\ a »iA « f, / 

=5+^{«(2^«-3^-l)+m(,x + l)[3M,t.-l)-l] + 



i^y 



a»[2-3|xO.-l)]l 

+ 2(fc-l) J 
h2 



+ 



+ 



+ 
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and substituting in the same manner in the other coefficients, 
we have 

or, now substituting for S its value, we have 

+^^^(;:3i-('»+«))(^+8(f*+i)(i-'»)-(^+3)«)^/' + 

we see that m and « occur to the fourth power, when we have the 
value of — to the third approximation; whilst to the second 
approximation, as in Art. 85, they rise only to the second power. 

Art. 41. Prop. To find the primary and secondary foci 
when a small pencil of diverging rays is incident obliquely on a 
convex spherical refracting surface. 

Let Q be the point from which the incident pencil diverges, 
QE the axis of the pencil, and QF another ray indefinitely near 
to it. 

Let the refracted rays Eq\q'c^ Fq\ intersect in q\ the primary 
focus; and let the refracted ray Eq\q\ meet the line QAOq\^ 
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passing through the center of curvature O, in q^ the secondary 
focus. 




Let r = radius of the surface = OA or OE, w= QEy u\=q\E, 
u^^g^E. From E draw Em perpendicular to QF, and from F 
draw Fn perpendicular to q\Ey then i and t being the angles of 
incidence and refraction, 

Fm = increment of t* = du 
En = decrement of u\ = — du\ 

and ultimately En = EF cos. FEn =^EF sin. % 

Fm = EF sin. F£m= BF sin. i 
du=—[ji.du\ 

Joining q\ and O, we have 
in the triangle q\ OE, q\ O^ = q\E^ + O^ - 2 . g/£ . OE cos. OE^r^ 

and in triangle QOE, Q(^=QE^^0F^-2 .QE . OE cos. QEO 

= u^ + T^-\- 2ur cos. i 

Now QO and g^'i O are constant whilst «, u\, i and i' vary from 
the point E to the point F, therefore differentiating, we have 

0=u\ du\ — r cos. I . rfw'i 4- ru\ sin. i' . di 
0=w c?t« +rcos. i .efe — rtt sin. i .rfi 

• •' ^z tt'i— rcos.i' , 
sm. e . ai = * ? du , 

,. tt+rcos. i J 
sm. t ,dt = au . 
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T% A ' • • '/ J' COS. I j.f 

But sin. a = a sin. 2 , aa=a r di 

COS. I 



and du=-'iJi du\ , hence equating the values of sin. i . di 



•/ 



- ocos. I . ., ,., U'\-r cos. t , 

we have, u.^ rsin. ?. di = du 

cos. a ru 



«*i— rcos. « , a cos. a 

= -, du • 7- 

ru^ cos I 



1 . COS. i a . COS. t 1 LL cos. i' COS. i' 

or 1 =-i-- : -i- : 7— 

r u COS. a r cos. ^ w 



1 



, //, COS. I COS. t __/ [J^ COS. i' \ 1 COS. i .^ 

COS.? u\ \ COS. i /r u 

which gives u\ the primary focal distance. 

Again, as in the previous propositions, we have 

q,E "QE' '''' q\E' '~ QE^ 
[i?i^2 + ^^ "" 2m'2 ^ ^^s- ^) __ **^ + ^'^ + ^^^ ^^^* ^ 

^2 «* 



dividing by r^ &c. 

\f? [t? %[t? COS. i' _ 1 1 2 COS. i 

2^ ^2? 



r^ w'o^ UnV r^ %? ur 



uJ^ sm ^ Sin 2 
subtract — — -^ — = — -^ — from the respective sides of the last 

equation, and we have 

[U^ COS.^ I %i/? COS. t jX^ _COS.^ ^ I ^ ^^®' ^ J- "^ 

which are exact squares, and extracting the roots 

jxcos. i' jx __cos. ^ , 1 
r u\^ r u 

a /acos. i' ,\COS. i 1 ,rt, 

.-. -^ = 1'-- r- — 1) (2) 

Wg V COS. i J T U 

which gives w'g ^^^ secondary focal distance. 
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If wc make i and t=0, we have u\=u\,, and the result is the 
tirst approximate value, the expressions we have investigated 
applying only to very small pencils, and the aberration being 
neglected. 

The case of a concave surface and a small oblique pencil may be 
investigated independently, or deduced in the usual manner from 
the above, as well as the cases for converging incident pencils, 
and pencils diverging from points so near the lens that q\ and q\ 
fall on the same side of the lens as Q, when w^ and Wg become 
negative in the above equations. 

Art. 42. Prop. To find the primary and secondary foci, 
when a small diverging pencil passes obUquely but centrically 
through a thin double convex lens. 

Let Q be the point from which the incident pencil diverges, and 
QACBq^q^y the course of the ray which is the axis of the pencil. 




passing within the lens through the center C ; so that O and (X 
being the centers of the curvatures of the surfaces, the radii OA' 
and (fS to the points of incidence and emergence are parallels, 
and the angle of incidence at A' equals the angle of emergence at 
S^i say; see Art. 71, Part T. 

Let QA'^u, q\A'=u\, q\A=^Uc^ §'2^=% 9\^—'^\ ^^^ 
t= thickness of the lens, / sec. t=A'B> very nearly. 

At the first refraction we have, by the last Art. 
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fJL COS. t COS 



COS. t u 



;. i' / COS. t - \ 1 COS. i 

I V COS. % Jr u 

u. / COS. i' , \cos. i 1 

lo \ COS. % J r u 



At the second refraction, considering the pencil to pass in the 
contrary direction, we have 



1 1 



1 


t sec. i' 


1 


t sec. i' 



and 



^^2 A'q\—tsec.t u'2 «*V 



COS. i' COS. i'_/ COS. i' ^\1 cos. i 

COS. i S(i\ ~' \ COS. % )s Vj 

COS. i COS. % COS. t' / 

COS. z Wj COS. e «*i 



/ COS. i' ^\ 
\ COS. i / 



COS. i 1 



i^5^2 \ COS. i / 5 ^2 

ju, [Lt sec. i' 



/ / o 



2 "'2 

Adding to the former expressions, we have 

1 / COS. i' _\fl 11 .1 COS. i' t 

— =(i^ ^ — 1 }\ — I — J'sec.z h/^ n-.* -7- 

Vi \ COS. % / I r 5 J u cos.-^ t tt J 

1 / cos.r .\ rl^ll . 1^ 

— = (ix r— 1 \\-^ — >COS. 2 j-jw- 

Vo V COS. z /Ir^J 2* 



/ sec. i' 



^i\ 



When the lens is very thin compared with the values of t^i and 
z^'g we may neglect the term with /, but otherwise the positions of 
q^ and q,^ are affected by the thickness. 

The values of Vj and v^ being found from the above expressions, 
the magnitude of the circle of confusion and its distance from the 
lens can be calculated as in Art. 12, but the pencil must be 
considered small compared with the obliquity. 
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Art. 43. Prop. To find the approximate expressions for the 
primary and secondary fod, when a small centrical diverging 
pencil passes at a small obliquity through a thin double convex 
lens. 

The expressions found in the last proposition can be brought to 
approximate forms, when the obliquity is small, which are fre- 
quently the most convenient to use. 

First, we have to reduce the expressions (1) and (2) of Art. 41, 
namely, 

ju, COS. i' COS. I / ju, COS. i' \ 1 cos. i 



cos. % 



OS. I _/ju, COS. e \1 cos.t . 

u\ ~" \ COS. i Jr u ^ ^ 



ju, _ /ju, COS. t , \cos, i 1 .^. 

u\~~\ COS. i ) r u 

to approximate expressions on the supposition that i and V are 
small, and therefore that 

i'=— nearly 
COS. i=l — ^ nearly 
COS. i'=l— -^ nearly 



= 1- 



P 



2ii: 



2 



Substituting these values in (1), we have, 

«2 \2 y / «*2 \ V «*2 



^ (-^y M'-.^) \ 1 III 

•^' ■ FIT \"FF) / ■ '" " 

(f2\2 
1 — ^\ =(1— t^) nearly 
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we have 






iui-1 1 



-=-^{(' 









ix-1 1 iV-l)fi^ + 2 . ^(i^ + l) 



t« 



2ix'^ I 



H- 



t« 



I 



Again, substituting in (2), we have. 



kM-i,)-(}-m-\ 



-{^-^-t-^)]\-i 



r w 2ju,r 



(3) 



(4) 



Taking the same figure and letters as in the last proposition, we 
have at the second refraction 




jx _i>.-\ 1 ,iV-l)f|Lc+2,2(|.t + l) 



F^, 



£'?'o 



« 



+ 

»1 



2^t« \ 



s 



+ 



i±iU 



f--i 



5 V 



i,^iV-i) 



2 



2ix5 
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But, _-^ = _Ji_(lsec.i')(4Y 



Substituting the values of -^ and ;;7- from (3) and (4) in the 
above, we have 



Wl «*2 



l=(,-l){i+i}-i4- 
Vj Ir *J tt 



^ iV-l) /f.+2^ 2(|tc+l) \/^-l l\i 
jx^ \ r u )\ r u)] 



or 



Vj ^ \r s) u ii.\ r uj 

,,^.x,[l.„-i,(l.l)-i.^^^-l)']} 

"•"ftUju-^V r «/ "^ j.t2 V r "^ u )\ r u)] 
or 

v^ f u i\ r u) 

2ju,''*\ r t*/l r w J 
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Also 



or 



J_=i_l+±(^_i)Vf(^)(i+i) 



+ 



2jx^\ r u/\ r uj 

which give v^ and Vg as required. If we neglect the thickness 
in the small terms, we have for very thin lenses, the simple 
expressions. 



uJ 



Making i=0, we have the primary and secondary foci coinciding 
in the small direct pencil, as at page 80, Part I. 

Art. 44. Prop. To investigate the aberration of a given ray 
of a diverging pencil which passes obliquely through a thin double 
convex lens, in the plane through the axis of the lens and the focus 
of the incident rays. 

When a pencil which is not very small passes through a lens 
obliquely, the positions of the foci are more conveniently connected 




Q; 



together when their distances are measured from the centers of 
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the curvatures of the surfaces, ,the approximations being obtained 
as in the case of direct pencils. 

First, for a single refraction, as in the figure, let QO=p, 
gO=p\ OA'=r, A'M=:x, PM=y, and y^-=2rx-a^. 



As in former propositions 

QP^ qP 

QO" f^.q'O 

and QP^= QOT--^ OP^-2 . QO . OM 

=(p-')'('+5S5=) 

.'. QP=p—r+— — nearly 

q'P^ = q'0^-\-OP^-h2.qO.OM 



(1) 



/?a? 



.-. ^P=p' + r-^-^^ nearly 

Substituting these values we have the fundamental equation (1) 
becoming as follows. 



p — r X _p'-\-r 



+ 



X 



p p — r \t/p' /"'(yn-^) 

dividing by r, &c., 

\*jp \ [Ljr p rXp—r [^{p' + r) J 



l^p 

For the first approximation 

1 jx-l 1 

fJLp^ fLT p 
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and substituting this first approximate value of \i.p' in the small 
term we have 



^p 



jX — 1 1 X 

ju,r p r 



p — r 



+ 



H-rp 



(/^-l);?-/^r 



-hi^r 



^r p . \i?i^ \p—r) 



(1) 



When p is less than — ^—r y we have a on the same side of O 

with Q, and p' being taken negative is again given by the above 
equation. 

Let the letters in the annexed figure, which are the same as in 
the last, refer to similar points, and let Of be the center of curva- 
ture of the second surface of which the radius is QfS^s; let q 




be the point where the emergent ray F'q cuts Gii the direction of 
the ray which emerges perpendicularly to the second surface at S ; 
let q(y=^qy qO^(i and BM'^x\ 

At the first refraction we have the expression as before found, 
and at the second refraction, we have 






1 _jX— 1 1 X 



^(^) • ■ ■ <^) 



AB=d, and let 



To connect ^O with qC/, let 0(y=^r-h8 
/^QO(y=i; then 

q'a^=q'0^-\- Oa^ + %. 40 . Oa cos. d 

or ^'2 ^^2 + ^2 ^ 2/rf COS. d 

Also, 9 being supposed small, we have cos. ^ = l"~f^ nearly 
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or g'=/ + rf-^^.___ nearly (3) 

If in this equation (3) we substitute the value of ((Of from (2) 
and of ^' from (1) we have the relation required between jo, q^ r, s, 
and dy as follows 






8 q it^sP' 

^ sq [2 ^V-i) / f^^+g Y sq \ \ 

(ju, — 1)5' — jx^l ju,^ \q—s/\{f/. — l)q'-[ji,s/j 

similarly 

^ (ju,— l)j»— jxr ju.r^ Vj?— r /\(ju, — 1)^— jxr/ 

Substituting these values in (3), and using only the first ap- 
proximate values of p^ and y' in the small terms, also putting p\ 
and q\ for the first approximations of p^ and q% which are known 
when p and 5^ are known, 

because p\ = . y\ > ^''i = / tv 



we have 
55 



(f-~l)^ 






^ ^ {q-s) I 



Taking the reciprocals of the two sides of this equation, and 
treating the small terms in the usual approximate manner 



^ lj.-l c a!p\H(t.r+p) 
ft, \ r\p—r) 



«ViVi±£)l\ 
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_ 1 ^ ^Hp\ . ^-1 

9i ^f^s'V 






In this expression we have the small terms containing the 
quantities x, x' and fl ; but when fl and x (or y = FM) are 
given then ^' (or x/—PM) is knovm. 

If we make fl=0, and substitute for q its value v-hs, for p^ 
u-\-r, and for rf, r + 5 in a thin lens, we fall, after the reductions 
upon the result of Art. 34; and the above expression shews us 
that the aberration of an oblique pencil does not change rapidly 
from the value for the direct pencil whilst fl is very small. 

To find the value of the aberration, q^ being the first approxi- 
mate value of q, or 

Then the longitudinal aberration, measured in the case of the 
figure towards the lens since — > — , is 9i—q — qiH j nearly. 

If we examine the effect of the refractions in other planes^ we 
find that all the rays falling on the first surface at the same 
distance from A' will have the same angle of incidence, and meet 
the Une QOq' in the same point, but when they fall on the second 
surface, they will not be equally distant from B', nor have the 
same angle of incidence on the surface, and will not therefore be 
refracted again accurately in a conical pencil : when 5 is very small, 
however, compared with the value of x (or y), the deviation from 
such a form will not be considerable. 

When $ is larger, we obtain from experiment with an equiconvex 
lens, by receiving on a screen the light from a distant luminous 
point after it has passed through the lens, and at different distances, 
tha figures of oblique aberration as follows : 



ON PLANE AND CURVED SURFACES. 




where F would generally be considered the beit locus, the tight 
being strongly concentrated at the head of the figure, although 
there is a lengthened coma ; but an image of an object formed by 
such foci is necessarily very indistinct. 

With the same lens and a pencil, either direct or but very little 
oblique, we have for comparison such a series, at different dis- 
tances, as the following : 



When the lens is small compared with the obliqutiy, we obtain 
such figures as thf following : 



--•• • 



where r;, ia the primary l'i)C;il line, o the circit: of eonfusion, and 
g^ the secondary focal line. The circle of confusion as a focuB will 
give only indistinct images of objects, when the obliquity is con- 
siderable. 



Aht. 45. Prop. To put the expression for the oblique aber- 
ration, of the last article, into a form for ajiplication to particular 
I cases. 
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From the last article we have 




the aberration 



_ 9i' 



_f_JVi_ 









Aq 



Let the angles which the edge of the lens subtends at O and (/ 
respectively be a and ct, and let z OC/q—fl). 



PM^ 



2s 



nearly, 



Then generally ^=-0 — > ^ = 
and for the upper edge of the lens in the figure, we have 



0?= — —^ — — 
2r 






, Sin. ^ q y S 1 J / / . / 

also -T — --=V= , nearly, sjidq.=p.+d , tol^bol . 
sin.<^ Pi (p ^ :f 1 /-i • ^ 



.'. the aberration =— I -jr-^ 



+ 



For the lower edge, as in the figure, we must put —a for a and 
—a' for ot, whilst 6 and <^ remain the same. 

For a pencil of parallel rays falling obliquely on thin convex 
lenses of different forms, we find the values of the aberration for 
the full aperture as in the following table. 
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A TABLE OP THE VALUES OF THE OBLIQUE ABERRATION FOR 
DIFFERENT FORMS OF CONVEX LENSES WITH parallel INCIDENT 

RAYS. 



Species of Lens. 


The aberration ; the upper sign of the 

middle term referring to the upper 

edge of the lens and the lower sign to 

the lower edge* 


Focal 
length. 


Equi-convex . . . 
Crossed-lens . . . 
Crossed-lens inverted 
Plano-convex . . . 
Convexo-plane . . 


5 8 7 

5.^9 . 351,, 

145 3 1007 ^1121 , 
12^"-*-252^'^"-^3024*' 

4«'« + .2«> + 4^"* 
7 1 5 


r 

12 
— r 
7 

2 

r 

2s 
2r 



In the above table the first terms are the aberration for a direct 
pencil, and when brought to the same form coincide with the 
results of the table at page 86. 

We see that the effect of obliquity is different with different forms 
of lenses, and by the general expression we see that as 9 and <^ have 
different signs, a form may be assigned to the lens such that the 
term depending on the first powers of 9 and ^ may vanish. 



If we take -^ for the angle which the axis of the oblique pencil, 
passing through the center of the lens, makes with the line OG 
the axis of the thin lens ; and u v, as before used, we have 



sin. 
sin. \p 

sin. 6 
sin. ^ 



— =-T- nearly, 

u d , 

— =—- nearly. 



i2 
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By the method before used wc find 

m 



^ 2(M + r) 

and substituting in the values of p\ and q\j we arrive at an 
equation 

-=:(H^ — 1)(- + -) 4. fla^ + Ja;// + C)//^ 

V ^^r 8/ u 

where a, b and c are functions of ju., u, r and 8 ; but the refracted 
pencil not being symmetrical with respect to any line, it is unne- 
cessary to discuss this expression for -. 

Art. 46. Prop. To investigate the change8 in the oblique 
aberration of lenses, arising from changes in the position of the 
conjugate foci and from changes in the forms of the lenses. 

Taking the lens double convex and the obhquity small, with the 
ray emerging perpendicularly to the second surface for the axis of 
the refracted pencil, we must examine the changes in the coefficient 
of the first power of </>, under different circumstances. 

The term in the aberration with fl and <t> is 

fu\2iL J\ s(q^-s) \q^/ r{p—r)l 

li? \8 s(q^-s) q\'r{p-r)) 

and we have to examine the value and sign of the coefficient 

r f^s + q^ /i. H-r+p 
s's(q^-s) q\ rip-r) 

Putting, as at page 81, mu=f , nr—f^ we have 

l_ l-m 
^" / 
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s 


(f^-ll/- 






r 


l-nif^-l) 






s 


n(f^-l) 






/i_ 


u'^r 






9\ 


u+s 








_ {m + n)ll--n([/.— 


■D] 




»[jx— (m + w)(ix — 


■1)] 


f*«+?l . 


_(jx. + l)8 + V 




%r 


-.)- 


sv 

_f^+l,l 

V s 








IJ^^-{li,-l)[(ji. + \)m + n] 




o*-iy 




H-r+p _ 
r(p—r) 


_F+i 1 

u r 








_(ft + l)»i + n 





/ 

substituting these quantities in the coefficient and reducing, we 
find that the term in the aberration will be greater than, equal to 
or less than zero, as 

and when equal to zero, we have 

a^ — w(2a^ — a— 1) 
»=*- 2 1 

Ex. 1. To find the form of the lens such that the oblique 
aberration may be the same as the direct for parallel incident rays, 
or the above expression =0. 

We have now m=0 since the incident rays are parallel. 
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and if ^=1 , '=^=9-^ 

1— W(jX— 1) -^ 

/. s=9r 

m 

This accords with the results of the table, as we see that the 
sign of the coefficient changed in passing from the crossed lens to 
the convexo-plane. 

Ex. 2. To find the positions of the conjugate foci of an equi- 
convex lens when the effect of obUquity vanishes. 



and 



We have now n=l, since r=s=fy 

1 



m= 



^ , then m=^ 



if 1"'=- • ^lid Tn=7z 



f 

and w=.2i-=2/=t;, 

m 

or the conjugate foci are at equal distances from the lens. When 
the luminous point is nearer or further than this distance from the 
lens the coefficient changes sign. 

Ex, 3. To find the effect of obliquity when a virtual image of 
a luminous point is formed by an equi-convex lens. 

We have now u less than /, and therefore m greater than unity, 
and the coefficient of is negative, as it had been when the dis- 
tance of the luminous point was between y and 2/* and the image 
real. The direct aberration is now, however, measured from the 
lens beyond the first approximate focus, as shewn at page 93. 

Ex. 4. To find the form of the lens of the single microscope 
such that the oblique aberration may be the same as the direct, or 
such that the coefficient of is zero. 
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The eye be- 
ing supposed 
close to the 
lens, we have 
V equal to the 
least distance 




e^ 



At 

of distinct vision nearly; and if the magnifying power =a=- the 

u 



focal length of the lens is known. 



But 



and 



1 

v' 


1 


1 

u 




— — 


1 

au 


u- 


=/• 


a-1 

a 


. m-- 


.,„ ^^ 


a 



a-1 

and the equation becomes 

i*'-^ (2j*«-j*-l)-«(l*»-l)=0 

. it?+a(j^^-i^-l) 

• • "- ((i?-l){a-l) 

Let a=10, and H^=n y we have 

1 

and /•=45/, *~89'^ 

and the lens is a plano-convex very nearly. 

Ex. 5. To find the form of the lens, so that the oblique aber- 
ration may be the same as the direct when a virttml image is 
magnified two, three, hni four times. 
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We have now to put a equal to two, or three, or four, in the 
expression of the last example, when ft=^ . 

"- (^a-l)(«-l) 
a— 9 



5 (o-l) 



Ifa=2, then n=—= 
n 7*^ 

and the lens and image are as 
in the figure, drawn to the scale 
y=l inch. 




4 



Ifa=3, then «=— - 



3 
5 



=/ = _^ 



n 



8 



/ 



« = 



2-n 13-^ 



the lens and image 
being as in the figure, - 
drawn to y= 1 inch, 
as before. 




&. 



-I— 



If«=4, then 7i=— - 



1 
3 



r= 



n 



3/ 



_ / _3 



«= 



2-» 7 



/ 



and the lens is a meniscus, but the first surface of long radius. 
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When the image is magnified nine times^ the first surface is 
plane. 

These Examples will be found referred to in Art. 63 in discuss- 
ing the forms of the achromatic lenses^ used as powers for the 
microscope. 

Art. 47. Prop. To find whether the coma in given cases is 
to or from the axis of the lens. 

We have to trace the efiect of the term with a<^ in the oblique 
aberration^ and will suppose the lens to be equi-convex. 

First, let the luminous point Q be distant between f and 2/ 
from the lens, and therefore the image real, as in the figure. If q^ 
be the first approximate focus, q^q the aberration for a direct 
pencil, the ray refracted at the upper edge of the lens cuts (fq^ 




between q^ and q, because the term with a<^, from Examples 2 and 
8, is then negative ; and similarly the ray refracted at the lower 
edge cuts Oq^ between (X and 5' as in the figure. If we now take 
a section of the pencil at c we have around that point a condensed 
nucleus of light, and a coma turned towards the axis of the lens. 

Secondly, let Q be beyond the distance 2f and the image is 
still real as in the figure. We have the term with a<^ producing 
an opposite efifect to that of the last case, and as shewn in the 
figure, the coma is now turned from the axis. 
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Thirdly, let Q be nearer to the lens than the focal length /and 
therefore the image virtual. The direct aberration QiQ is now 
measured as in the next figure, beyond Qi and the term with a^, 

kJ^^:^ 




.-^— :^4^-"^ 



o 



as shewn in Example 3, being negative for the upper edge and 
positive for the lower, we have the coma in a section at c turned 
towards the axis. 

Art. 48. Prop. To find the form of the pencil which has 
been refracted directly by a sphere, to a second approximation. 

The sphere as described in Arts. 75 and 82, Fart I, has gene- 




rally a limited aperture at the center. Let z be the radius of this 
aperture, and let y and y' be the ordinates at P and R respectively, 
as in the figure. Then for the extreme rays which pass through 
the aperture we have z a mean proportional between y and y' 
nearly. Using the notation of Art. 75, Part I., 

QO=p, (fO^ify qO^q, AO=r, 



we have 



_ y^ 



^'="2^y-^y')=Y+r °®^'*y 



./ / 



or using the first approximate value of q' 



we have 



y=Hr"^7)"''Kr"^) 
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Also putting y2=2r^ in the results of Art. 44, 

QP ^P 

and substitutine in 7777= ttt 

QU fx, ,q U 

we lia ve = ' i- " ( i- ' 1 

fjLq' (xr p 2r^\p—r i"'(9''+^) / 

ftr p 2'r\p—r/ ft \/? ftr/ 

^ft-i 1 zVC/x-i) /! lyi ^ i\ 

ftr j» 2?' \r p/\p fji^r/ 

Supposing the pencil to be incident in the contrary direction, 
diverging from q, we have 

1 ^fc-i 1 ^ zV(|x-i) /i lyi^ i\ 

CO'' ar o 2r \r q/\q v^r) 



l^q [J^r q at \r q/\q i^^r, 

and adding 

i=a(^izd)_i+^d|zd){(i_i)(i+i)+(i_iyu_L)l 

q [jlv p 2r • l\r p/\p i^r/ \r q/\q fjt,r/ j 

as required. 



ON EXCENTRICAL REFRACTION. 

In the preceding Propositions the axis of the pencil is supposed 
to pass through or nearly through the center of the lens, and the 
pencil is called a centrical direct or oblique pencil accordingly; 
the pencils passing through the object-glasses of telescopes are 
always one or other of these, but when they reach the eye-piece 
the circumstances are changed, and every pencil except the direct 
one is then refracted excentrically. We see how this arises in the 
passage through the eye-lenses of telescopes by referring to the 
figures of Arts. 95 and 97, Part I., as repeated below, and the 
same occurs in the reflecting telescopes and microscopes. 
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If we examine the figure of the simple astronomical telescope, 
we see that C the center of the object-glass is a fixed point 
through which the axis of every pencil passes; and the point e 
where it meets the axis again is the focus conjugate to C for the 
eye-glass, and may be taken as also a fixed point when the aberra- 
tion at the eye-glass can be neglected or when the point q' in the 
image is near q. The points C and e being known, the circum- 
stances of the excentrical refraction can be discussed. "There are 
again like points at C, b, and e in the telescope with the erecting 
eye-tube, in the lower figure. 

Whenever we see the image, real or virtual, of an object formed 
by a single lens, and the eye is at some distance from the lens, the 
vision takes place by excentrical pencils, as in the figiu'es, where 
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the upper one represents a real image gg', seen in the air, of 
an object QQ ; and the lower one a virtual image qq' of an object 
QQy seen by the eye at e. 

Of the rays, which diverge from any point Q in an object, fall 
upon the lens and converge to, or diverge from, an approximate 
focus ^, only the small excentrical pencil QfPP^e enters the eye. 
The place e of the optical center of the eye, or nearly the center 
of curvature of the cornea, is now the fixed point that deter- 
mines the excentrical pencil by which the image is seen, which can 
be determined when the positions of the given lens, the eye and 
the point Qf in the objedt are known. 

In many common microscopes a diaphragm is placed behind the 
object-glass, which limits the magnitude of all the pencils and 
causes all points in the image except the central one to be formed 
by excentrical pencils, as in the figure. If C be the center of the 




lens, i-the aperture in the diaphragm, then q' the point in the 
image conjugate to Qf in the object will be formed by the excen- 
trical pencil QfPP^q' ; but it will be nearly in the line drawn from 
Q through C In this case b is the fixed point which determines 
the excentrical pencils forming the image. 

Art. 49. Prop. To find the primary and secondary foci of 
a small excentrical pencil^ which coming from a given luminous 
point, crosses the axis of the lens at a given point. 

Let Qf in the figures be the luminous point, and q^ its approxi- 
mate real image, which is the circle of least confusion between g^ 
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and q^, the primary and secondary foci, and ^^ ^^ ^® ^^^ cor- 
responding foci after the first refraction. 

Let E be the point where the axis of the emergent pencil cuts 
the axis of the lens, and D that where the axis of the incident 
pencil cuts it ; QfPP^qQ being the path of the axis. 

Let r and s be the radii of the first and second surfaces of the 
lens ; t the thickness AA\ which we suppose small compared with 
the focal length ; QfP=u, q\P=u\, qiiP'=^vl^ Qi^^^^v 5'2^=«^2; 
let i and e be the angles of incidence and emergence, f and e' the 
corresponding angles respectively, within the lens. 



From Art. 41 we have 



ft cos. i' cos. i' 



cos. « 



u 



W 



=( 



jx cos. I 
cos. i 

fJl, COS. «' 



)1 COS. i 
r u 



COS. e 



\cos. i 



u 



At the second refraction we have 



]x cos. e' cos. e' 



COS. e 



q'lP' 



g'^P' 



(jxcos. e' -\l_cos. 

COS. e /s Vi 

(jxcos. e' ^\cos.e^ 

COS. e / s 1 



3 



But, 
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1 JL Pr 

1 1 PF 



/ 2 

2 



Therefore, substituting the values in these expressions, we have' 

( jx cos e' \ COS. e 1 
COS. e ) cos.^ e' s 

1 _ /jx COS. i' ^ \ COS. i 
cos.2^ ^'i "" \ COS. i /cos.^i' r cos.^i' w^ tt\^ 

, __ /]x COS. e' - \cos. e 1 __/]«' cos. «' _ , \cos. «^ 1 a . 1 
\ COS. e / 8 ^2 "" \ COS. i ) r u vi^ 

which give 

1 __ / / ]x COS. % \ COS. i 1 ^ / "jxcos. e^ \ cos. e 1 
Vj 1 \ cos. i / cos.^ i' r \ cos. e -/cos.^ e' * 

cos.^ % 11 cos.^ ^' I i"' • ^''^ ^^^'^ ^' 
j.^i' ttj cos.^e tt'i 



cos.^ e 1 /jx COS. i' ^ \ COS. f 1 cos.^ i 1 , ft . PP' 



.pp;^ 

2 



cos.^i' ttj cos.^e u-^ cos.^e 



1^ _ /ft COS. i - \C0S. i .{H' cos* ^' 1 \COS. e 1 ]X . j 

Vg^V COS. « / r \ COS. e / $ u u 



2 



We perceive an analogy between these expressions and those 
found in Art. 29 for the passage of a small pencil through a 
prism, with which indeed they coincide, except as to the term in- 
volving FF the thickness of the lens traversed, which is here only 
approximate, when we make r and « infinite for plane surfaces. 

If the lens is of such a form that % and e are equal, the above 
are reduced to 

. 1 ii..FP cos.3i' 



Vi \ COS. % /\r 8/ u Ui 

1 / jx COS. i' t\/1 . l^ • l.i^-^ 

— = (- : l)(- + '-)C0S.t h-^— 7 

Vo \ COS. t J\r 8/ u u, 



^ cos.^ i 



2 



which agree with those for the centrical pencil, except the term 
with PF. 
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Cor. There is one simple case in which the primary and 
secondary foci are easily shewn to coincide, and therefore the 
excentrical pencils are as accui'ate as the direct one. 

Let the lens be plano-convex, or r= infinity, and the incident 
pencil consist of parallel rays, or %= infinity, and therefore «', 
andw'2= infinity, let also the diaphragm be placed at E so that (/ 
being the cen- 
ter of curvature " ~^ 
of the second 
surface, we have 
A(y=fx..AE; 
then by Art. 
28, Part I., 

the axis of the refracted pencil of parallel rays will pass in the 
direction of the radius C/PP'qQ, and the angles of incidence on 
the second surface and of emergence are each = 0, and the expres- 
sions above are reduced to 




}_ 



$ 

a-l 



the result of Art. 52, Part I. 

Art. 50. Prop. To find the form of the lens such thai a 
system of eaucentrical pencils shall have the angles of incidence on 
the first surface equal to those of emergence from the second. 

Although the difference between the values of v^ and Vg as 
found in the last proposition may be made in many cases to 
vanish, yet it will be generally desirable to know the form of the 
lens in which the confusion of the excentrical pencils shall not 
exceed that of centrical ones for the same angle of incidence. 

Let DPP^E be the course .of the axis of a pencil which crosses 
the axis of the lens at D and E ; let O and O be the centers of 
curvature of the surfaces, OP=r, (yp^=Sy AD=c, A'E=b. 



Then OPn being the radius through P produced, the angle of in- 
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ft' 




cidence«= z DPw, and similarly the angleof emergence e= L'EPn; 
these are respectively the exterior angles of the triangles ODFy 
and OEF'. Let P'M'=^y=PM nearly the distance of P or F 
from the axis of the lens. 

We have z i= /^ PDO+ /^ P 0D=^+^ nearly 

c r ^ 

^e^ L FEa+ z P'(yE=^+^ 

b 8 



Or when i=e , we have, 



Also 



1111 
o s c r 

c"/ b 

}=(.-a,(i.l) 



Substituting^ for s and c, we have 



and^ 



1 
r 

1 

8 



'-'* .4+i 



2(fc-l)/"A 



i_ t. 



I 1 



20*-l) / b 



which give r and 8 when the focal length of the lens and the 
place where the axis of the pencil crosses the axis of the lens are 
known. 



Ex. 1. Required the form of the eye-glass of the astronomical 
telescope^ so that the axis of each visual pencil shall have its 
angles of incidence and emergence very nearly equal. 
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We have now d=/ nearly, which gives 

s=2f 
or the lens should be flattest on the side next the eye. 

Ex. 2. Required the forms of the lenses, to make an eye- 
piece subject to the above rule for each lens, but in other respects 
similar to Huygens^s eye-piece. 

The field-glass will evidently be of the form of the last Example, 
sayri=^/i, «i = ?/i . 

If /g tc *he focal length of the eye-lens, then the distance 
between the lenses is 2/3 and the focus of the field-glass falls 
at the distance /j— 2^=:/2 from the eye-glass, and 

1-JL Jl-A 

2 

.'. we have from the formula r 2=^/2 > s^^^—^f^ 

and the eye-lens will be a meniscus with the concave surface 
to the eye. 

Art. 51. Prop. To find the 2i^^vox\jnsit^ expresidons for the 
primary and secondary foci, when a small excentrical diverging 
pencil crosses, with small obliquity, the awis of the lens at a given 
point. 

Taking the figures and notation of Arts. 41 and 42, let also the 
angle P'EA'=Q=^ nearly. 



7: <^' ~ 




k '^ 



:-:4iUA. 
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1^- ::: 




Also from Art 60, 

The approximate expressions for the refraction at the first 
surface, from Art. 43, are 

i^_i^-l 1 . iV-l)/ix-l-2 . 2(ix-|-l) 



u 



u 



2ix2 I 



u I 






1 , JHH'-I) 
u 2]xr 



And at the second refraction 



^ _ 



^r 



u 












__ |U, fX, 



PF 



^2 ^2' 



^^^1 1 eV^l) 



V. 



To substitute for PF, let the central thickness AA=t, and let 
the direction of the ray whilst within the lens cross the axis at a 
point ly which is given by the equation 



jU, ^/"'""l 1 



ABf 



s 



k2 
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then sec. i-iy^ =1 + ^=1+0(1-^)' nearly 
and PP'=MM' sec. P'iyA'=(t-^-^\ sec. P'tXA' 



2 

4- 



Also (-^y=(^-i) 

Substituting the values of these quantities, we have, 
Vi ^'^ ^\r si u 2]x^ L \ r ^ / 

^ fg(l^-l) / ft-l l\M+2 2(ft+l)\-| 
IJ? \ r u/\ r u /J 

^ tV-i) / |x-i i\-i 
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Or, with the small terms expressed with i^ 



iW/n-i 1 



-l\[(tzl-l\(l+l\- 

2[^\ r u/\\ r u/\r s) 

2^ r|x-l/l ^ l\Yix + 2 2(ix + l) \ , 



+ 



2iXb 8 )\ r JjJ 



Va ^ I r « J tt a\ r «/ 



^2*3(^-1) f 1/1 , 1\\ 1/1^1^2 



+ 



2ix 



\r\r c) 8\8 b) J 



^W /^"Y 1 



ixlV r tt/VA « /2ix"^ r \r c) i \ 

If in these expressions we suppose / to be so small compared 
with r, «, &c., that we may omit the parts of the small terms 
which contain it, we have, after substituting the first approximate 
value of Vj in the small term, 

2ySr s/\ r M/ J 
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1=1 l+L(^_l)V 

«^3 f u i^\ r u) 



m^\ 



2[jt, \r\r cJ 8\s b) i 2jx\r s/\ r uj j 



When the lens is of such a form that the angles of incidence 
and emergence are equal, the expressions are reduced to the 
following simple forms, 



1=1 i+i(^_i)V 

Vi f u if\ r uJ 

v^ J u il\ r u) 2jx/[\s h) jx — 1\ r u) \ 

When the image is virtual, as in the case of a convex eye-lens 
and the eye at a distance from the lens, we have Vj and v<^ nega- 
tive, and the results may be investigated directly or may be 

obtained by putting for — and for — in the above. 



Vi «^i ^2 «^2 



CHAPTER IV. 



ON THE FORMS OF THE IMAGES PRODUCED BY LENSES. 

The preceding Propositions give us the positions of the conju- 
gate foci when the position of the luminous point, which is the 
origin of the incident pencil, is known, and when the position 
of the luminous origin is given in an algebraic equation which 
applies to all points in an object, we require a corresponding 
algebraic equation which shall in like manner apply to all points 
in the image, and which shall thus determine its form. In very 
many cases we have given the form of an image, formed by a 
mirror or lens, and have to determine the form of the secondary 
image as produced by a lens receiving the light from the first 
mirror or lens. 

The focus which is conjugate to any luminous point in an 
object, must be generally taken the cometa or figure of oblique 
aberration, when formed by a centrical pencil ; but must be taken 
the least circle of confusion if formed by an ewcentrical pencil, 
when the obliquity is great or the pencil exceedingly small. The 
first case is by far the most important in the construction of 
optical instruments, because the central parts of the field of view 
should be as accurately defined as possible; but when this is 
attained, it is frequently desirable to obtain also a large extent of 
moderately accurate field of view. 

Art. 52. Prop. To find the form of the image of a straight 
line placed directly before a convex lens. 

Taking the aberration as at Art. 45, page 113, and considering 
the cometa as in mirrors, page 33, to be situated at three-fourths 
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of the least longitudinal aberration from the first approximate 




focus; also calling the distance C/q^p we have 



+ 



-<"--«'t^]} 



Putting Pi = OQq, 9i=^^9oi ^^^ P\> 9\ *^® ^^^ approximate 
values of jo', q' as before, we have to find q=z(yq for substitution^ 
thus 



g ix,s jM.(j»'+rf) ' 



^i=p\+d 



P = 



rp 



{li,-i)p-li.r 



, where p= OQ , 



then the lens being supposed very thin^ we have 

p=Pi secant 9 

and after substituting, we have p expressed in the following form 

p = g^i — Z>a2 -h £a<^ - F<^3 

Now unless Ey three-fourths of the coefficient of a^ in the 
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oblique aberration, vanishes for some particular case, the curve 
which is the image is not one of continued curvature at the axis of 
the lens, but is formed of two arcs of a spiral, meeting at a 
very obtuse angle, similar to the figure. When jB=0, we have 
the form 

and comparing with the approximate polar equation of a circle, as 
at page 47, where we have the form 

and a'=qi-~Dot^f 

whilst r' is the radius of curvature required to be found, the curve 
being concave towards (/. 

Equating the coefficients of ^^, we have 



/=-, 



a'^ 



a''h2F 



^ iq,--Dctr 

from which r can be determined in any given case, by calculating 
DandF. 

If the object be curved, we have only to find the approximate 
value of /? in a similar manner, and can then calculate the radius 
of curvature of the image by the above formula. 

Ex. I. To find the form of the image of the sun or moon 
given by a lens of the form determined in Ex. 1, page 118, when 

We have now r=Q./, s=5f 

54 



138 OPTICS. 

These substituted in the expression for the aberration give us 

^ ^ ,. 3 2 243 o 

the aberration ==-^roL^-{- -=— r^- 

, 54 3/3 2 , 243 A 



'54 9 ^2 
and the radius of curvature r' = 



/54 9 gV 



54 9 2 3 x 243 

T"-2o"^-^-To~ 



Neglecting the term with a^ as small, we have 

, 216 

T ^ T 

155 

__216 5 
""155^9-^ 

_24 
31 '^ 

=-t/ nearly; see page 142. 



Ex. 2. To find the curvature of the virtual image of a circular 
arc concentric with the first surface, and therefore nearly a straight 
line, given by the eye-lens determined in Ex. 4, page 119, when 



45 
r=45/, .=gg./ 






We have now r- 


=45/, 


45 . 
*=89^ 


51 


-P'l-- 


34 , r.56 
"33'' ^i~33x89 


r.84 
*»"'5x89 






6-, 2^ 


i ' 


a' = 89a 
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which substituted in the expression for the aberration, gives the 

. ,. » 19278 „ 951436 

aberration = a»r • -^ + ^V g^g^ 

and the image being virtual, with q^ negative in respect of the 
standard case of Art. 45, if we call p the distance from C/ to any 
point in the virtual image, we have 



=^i+|(« 



2 19278 951426\ 

^ 5 "^ * ^ 673285/ 



which we have to compare with the approximate equation of a 
circle where the convex part is towards the pole, as follows, 

equating the coefficients of (f? and neglecting the term with a? as 
small compared with q^ we find the radius r of curvature of the 
image at the axis of the lens, thus, 

5712 



r =r 



309535 



=^ nearly 
J-f 



The lens being of short focus, the image is greatly curved, and 
only a small portion near the vertex can be considered free from 
distortion. 

The effects of curvature in images are so important in the con- 
struction of optical instruments, that it is desirable to have our 
expressions put into a general form, for ready application to 
different eases, and for tracing the change of curvature in the 
image corresponding to a change of position in the object or 
primary image. When we have to consider the best forms of 
eye-pieces for telescopes and microscopes, we have to examine the 
effects of curvature in connexion with aberration and achromatism, 
a part of optics hitherto very imperfectly discussed by mathema- 
ticians. 
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Art. 53. Prop. To investigate a general eocpression for tlie 
curvature of an image formed by a lens, when of continued cur^ 
vaturCy the object or primary image being also of given continued 
curvature. 

Let r^ be the radius of curvature of the object supposed to be 
convex towards O as pole, and p^ being the distance of the point 
on the axis of the lens, let p be the distance of another point, we 
have as a circular arc, the approximate equation of the object, 
thus. 



p=p.+p{^y^^^ 



where p^ and r^ will have the same sign when measured in the 
same direction from O, and different signs when r^ is measured 
from the object towards O, or when it is concave towards O. 

Using a similar notation to that of the last proposition, 
let q^^the value of q on the axis, or when ^=0, 

F=-j the coefficient of ^^ in the aberration, 

l^=the coefficient of 0^ in the term in q depending on the 
obliquity and the form of the object. 

Then, p being the distance of a point in the image from , we 
have the form 

p=^q±Doi^±Ff 

where q is of the form 

q=q^ + r<l>^ 

therefore, substituting and retaining only the upper sign for the 
more convenient use in comparing with the approximate equation 
of a circle and in tracing the direction in which the radius of 
curvature of the image is to be measured, we have the form 

p = q^-\-Da^+{F+F)<t>^ 

and comparing with the approximate equation of a circular arc 
convex towards the pole, as follows, 
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^=«'+<^+iy 



where r' is the radius of the circle, and a the least distance of the 
circle from the pole, we have 



«fe'+l)= 



F^r 



and a'=q^, if we neglect the small tenn Du^ ; 

, 1 21?' 21?" 1 
whence -7-=— j+ — ^ 



»• ?i i\ ii 

Now in the quantity g-> we have a' and / with the same sign 

when the arc is convex to the pole, but of different signs when it 
is concave to the pole. Therefore if in any particular case, we 
find / to be of the same sign as q^y the image is convex towards 
C/ as pole, but concave when we find r' and q^ to be of different 
signs. 

Referring to Art. 52, and remembering that 9=0 .~i we have 

Pi 

8 f^ \p\g\ f^ ^riPi-r) %i-«)// 

and since the term in the aberration with <l>ot vanishes, when the 
image is of continued curvature, we have from Art. 46, 

s s{q^s) q\ r{p^-r) 

or fj.^-m{2f^^-ii.-l)-n{iL^-l)-0 

this condition being established, and proceeding in the same 
manner as in that article, we find 

F_ 8..gi«f i^V-l)(l-2m)a al 

'~ » |x l/I>-mOc-l)][l+mOc-l)] VJ 

Again comparing the expression 
with the value of q determined by means of the following 
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l_fl-l 






we find F=-Sl(^+l) 



2 Vi pO 



Now r^ must be given, therefore let it =i^ also expressing as 
before p^ in terms of/, m and ft, we have 

2F__1/1 m|>^-m(2itx>^-|x-l)] \ 

also q^ being e3q)ressed in the same way gives 

1 ^ [m(2jLig-|x-l)-|xg + |x + l](l-m) 
91 ~ >[H-»»(/^-l)] 

These expressions enable us to calculate the magnitude and 
direction of / for given values of /, m and ^ \ but it will be con- 
venient to take the ordinary value of ]u,, or|x=^, and simplify the 

expression still further ; in this way we find 
1_2F 2Jr 1 



91 9l 9l 



3/ 9-llm+llmg \ 1/1 m(9-8m) \ (8m + l)(l-w) 

"" 4/\(3~»i)(2 + m)/ y\.Z»"^ 3(3~m) / /3(2+m) 

from which the value of / is easily found for given values of 
m and h. 



Ex. 1. To apply the formula to finding the radius of cur- 
vature of the image of the sun or moon given by a convex lens, 
as in Ex. 1, page 137. 



IMAGES PRODUCED BY LENSES. 143 



We have now u 

u 



f 



p=Pi+Pi (|-i +o)^^~A iic^ty^ *^^d ^' vanishes j 



31 



24/ 

24 - 
r = -3j/ 

3 
= — -/^^^^V^ *^^ found before by the 

Other method^ page 137, and the image is concave towards the 
lens, since qi is positive and / is negative. 

Ex. 2. When an object which is a straight line, has its virtual 
image given by an eye-lens, magnified 10 times, required the cur- 
vature of the image. 



Then «=1=„(1-1) 

V 10 \u f) 



=1 1 



m 
.-. m=-Q- also ri= oo=q/, .'. ^=0 

and substituting this value of m in the formula for —r we have 

1 63027 



/ 51408 ./ 

5 

and /= —^/nearly, as in Example 2, page 138, 

also q^ is now negative, therefore the image is convex to C/ and to 
the lens. 

Ex. 3. To find the curvature of the image when the lens acts 
as a field-glass in the eye-tube of a microscope or telescope. 
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The pencils converging from the object-glass to form the primary 
image^ are now intercepted by the field-lens and we have m nega- 
tive, of diflferent values in different cases ; 

As a simple case, let m=-=^— = — 1 

1 lrl3 1 



we have 



1 __ific)___i| 
Vim bi 



f\4S b. 
if i=24 , or ri = 34/ for the case of a telescope 

/ ""/' 48 



then 



and 



r—j|-/= 4/* nearly 



and qi= "-tt/ is negative, therefore the image is concave to (/. 



We find for this case 



_5 / _ 5 / 



a. 




and the circumstances, 
are those of the figure. 



In the case of microscopes b will be always smaller, as seen in 
the next Example, but if not less than 4, the image will be still 
convex to the field-glass, and concave to the eye-glass, thus 
allowing a larger portion of the image to be seen distinctly than 
would have been if the field-glass had not been interposed and the 
original image convex to the eye-glass had been viewed; and 
hence the name of field-glass from this property of increasing the 
extent of the distinct part of the field of view. 

Ex. 4. To find the curvature of the image of a straight line 
formed a single convex lens, as the power of a compound micro- 
scope. 

1111 
V \0u f u 



Let 



t;=10M , 
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10 , 10 

applying this value in the formula for / we have 

1 ^ 11788 
/ 8832/ 

or /= — -y nearly 

and qi is positive^ therefore the image is concave towards (/ and 
the lens. 

^ , 9 — 8m 19 

We have now n= — - — =-^ 

5 55 

and the circumstances are as in the figure. 

4 —s — -^^ 

Ex. 5. To find the curvature of the image when a primary 
image is near the field-glass of an eye-piece^ similar to Rams- 
den's. 

We must now suppose u very 

small compared with the focal length 

/ 

of the lens and «=— .'. m is very 

m 

large^ and we need only take the 

highest powers of w in the expres- 

• ^ 1 .1, fi ^ 1 ' ^3 1 

sion for —r , then we nnd ~7'^Tf~'~fh 

If 6 = 00 for a straight Ime, then ^=33/ and q^ is negative, 
and / and q^ being of opposite signs, the image is concave to O 
and the lens; the value of 7»=—gf< is very small compared with 
/, and 8 positive is very little smaller, therefore the meniscus is 




-5^ 
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nearly a spherical shell and the circumstances like the figure. 
When we have discussed the achromatism of eye-pieces, we shall 
see that if we use such a lens as this in order to procure a large 
field of view, we shall not be able to satisfy the condition for 
achromatism. 

Art. 54. When an image is considered the locus of the circle 
of confusion, for very small pencils or considerable obliquities, we 
can find the form of the image by calculating a succession of 

points on the respective refracted rays at the distances, ^ ^ 

from the lens. 

We cannot correctly, however, consider an image as formed in 
this manner near the center of the field of view, where the 
obliquity is very small, and where the aberration in even a small 
pencil becomes very large compared with the confusion. The 
radius of curvature of an image, at the axis, as if formed by inde- 
finitely small pencils, will, however, be found in the next Article. 

From Articles 42, page 103, and 49, page 125, we have to use 
the expressions for very thin lenses as follows : 

Vi \ COS. t /\r s/ u 

Vg \ COS. t /\r s) u 

If we take i"'=o ^ the lens equiconvex, and the object directly 
before the lens, but so distant that we may neglect - , when the 

V "^ V 

focal length =1 . =— !— -^ for i=0, we have the series of values 
for ^ ^ as follow : 
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* — \J f — 


2 


■ * 


»=10», . 




. = .975 


»=20o, . 




. = .904 


t=8(y>, . 




. = .798 


t=400, . 




. = .673 


1=450, 




. = .609 




which give an image as in the figure, drawn to a focal length of 
one inch. 

This form of the image with the attendant distortion can be 
easily seen with a small 
lens of one inch focus, 
by receiving the image 
which it gives of the 
bars of a window, on a 
piece of paper bent to 
the required curvature. 
The distortion or change in the proportions of different correspond- 
ing parts of the image and object depends chiefly on the change 
in the relative distances of these corresponding parts from the 
lens. 

If we exa- 
mine the form 
of a real mag- 
nified image of 
a straight line, 

we find it as in the figure, and the distortion, except near the axis, 
is very great, the figure being drawn for a focal length of i inch. 

In the case of a virtual magnified image we find, as in the 




f^ 



* 




L 2 
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annexed figure^ to a focal length of ^ inch, and the distortion 
is now again very great at the boundaries of the field of view, 
these parts being now extended, whilst in the former cases they 
were compressed. 

Art. 55. Prop. To find the radius of curvature of an image 
of a given object at the axiSj when considered the locus of the circle 
of confusion. 

We have now the obliquity i very small, and considering the 
lens very thin, we must use the expressions of Art. 43, page 108, 
in the following form. 



^1 f u ^l^f 

1 ^1 If 
v^ "f u 2fxf 

where u is the distance of any point in the object from the lens ; 
let Uq, Vq be the values on the axis when v^ and Vg each =t?Q. 

If r^ be the radius of curvature of the object, we shall have as in 
the previous articles, 

u Uq 2\r^ UqJ 
and substituting 

»i / "o ^Kn «o I*/ / 
v^~f «o 2\ri Mo /*// 



and since 



i— 1_J_ 



we have v,=v,-'^0- +1-+^) 
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2 V^i Uq [xf/ 



Putting p=the distance of the circle of confusion from the lens, 
we have 

and comparing this with the approximate equation of a circle, 
whose radius =/, and being supposed convex to the pole, as 
before, has its least distance =Vq, as follows. 






or 



^ «?o ^ / ««o 



or, the curvature of the image depends on the curvature of the 
object and the focal length of the lens, but is independent of the 
distance of the object from the lens. * 

Now p = -i-^— ? being positive, and / negative, whilst r^ is 
positive for an object convex towards the lens, equal infinity for a 
plane object, or for a concave object r^ negative but — < j* 9 
we have the image concave towards the lens. 

When = >. the image will be plane, or the object may 

be so concave towards the lens as to give a flat image, and any 
greater concavity than this will give an image convex to the lens. 

Again, when the image is virtual we have p= ^ ^ negative, 
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and of the same sign as / whilst the object is plane^ convex 
towards the lens, or only slightly concave; therefore this virtual 
image is convex to the lens. 

This discussion shews us that in such instruments as the magic- 
lantern or oxy-hydrogen microscope, the pictures should be painted 

on a curved surface with radius r-y such that — = j^ » and 

then / will be infinite or the image will be plane, and may be 

3 

received on a flat screen. Taking jx=^ the above expression gives 

ri = Q/. When the object is plane or ri= infinity, then the radius 

3 

of curvature of the image =/=^/. 

o 



CHAPTER V. 



ON ACHROMATIC AND APLANATIC COMBINATIONS. 

In the Chapter on Chromatics, Part I., it was stated that the 

dispersive power of a medium = — ^ was best determined from 

measures of the refractive indices of Fraunhofer's fixed lines by 
taking §jx= the difference of |x, for the fixed lines D and F, and 
the ju. in the denominator the mean between them. For practical 
purposes, another method of determining the ratio of the dis- 
persive powers of two substances would be more frequently 
employed; and this dispersive ratio is all that is required in 
forming double achromatic prisms or lenses : that is, we do not 
require to know Pi or p^ the separate dispersive powers, but only 
their ratio, say 

For this practical method of determining w, without the laborious 
and delicate experiments with the Fraunhofer spectrum, see 
page 157, Art 58. 

When we have triple combinations of either prisms or lenses, as 
in Art. 86, Part I., we may combine three of the fixed lines, and 
thus reduce the residual spectrum which arises from the irra- 
tionality of the dispersion. This requires another method of 
treating the dispersion, and Sir John Herschel has proposed to 
refer the dispersions of different media to that of water at a fixed 
temperature as a standard, in the following manner. (See the 
article ' Light' in the Encyclopadia Metropolitana.) 

Let /tQ be the refractive index for the given substance and the 
fixed line B ; Xq the refractive index for water and the same fixed 
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line. Let /t and x be the refractive indices respectively for some 
other fixed line^ and assume the following series 

aa Iw ,/ Ix \2 / Ix \8 



^^ =:a ^^ b( ^^ V c( ^^ V &C 
,-1 %-l Vo-V ^\^o-V 



Now if ^ be taken for the other fixed line, and we find S/x and 
Ix in numbers, we have the constant a given by the numerical 
equation 

$jU. ^X 

^0— 1~ a?o— 1 

If we find $ju. and So; for B and another fixed line as jE? in the 
violet, we shall have two equations of the form 



^a Ix ,/ ^x \' 



which will give values to both a and &, and so we may proceed 
onwards for any number of fixed lines. 

Sir John Herschel has given a table of the coefficients a and b 
for the substances contained in Fraunhofer^s table of refractive 
indices at the end of Part I. 

The series which expresses the equivalent of ^-rp- cannot be 

given in a general form, but must be adapted to each particular 
case; thus, when we have a double achromatic lens or prism to 
discuss, we should use the lines D and F, or perhaps C and F, to 
determine the value of a ; but if we had a triple combination to 
discuss, we should probably choose the lines C, E and G to deter- 
mine a and b. 

The angle in which the spectrum is dispersed changes with the 
incidence on the prism, and a prism of a smaller angle at one 
incidence will give an angular dispersion as great as a prism of 
larger angle at another incidence. By placing two prisms made 
from the same material, but of difierent angles, with their edges in 
opposite directions, a combination nearly achromatic may be 
formed, which gives considerable deviation to the pencil. 

An object viewed through such a combination, appears extended 
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in one direction but without colour ; and if another equal combi- 
nation be set with the principal section of the prisms at right 
angles to that of the first, the object appears extended in the 
direction at right angles to the first, or it appears magnified. 
This constitutes the prismatic telescope of Professor Amici, of 
Modena, but the combination had been long previously studied in 
Scotland by Dr. Blair and Sir David Brewster. 

Prisms placed in any other position than that for the minimum 
deviation, we saw in Art. 29, were afiected with conftmon, so that 
to produce distinctness, the pencil should pass through each of the 
prisms in an achromatic combination at the angle of minimum 
deviation, when the angles of the prisms are not small. 

Art. 56. Prop. To investigate an escpression for finding 
the forms of two prisms in an achromatic combination, when the 
pencils pass through each with the minimum deviation. 

Let di and d^ be the deviations produced by the prisms whose 
angles are a^ and Og, and refractive indices ju.^ and jx^ respectively, 
and di-^-d^ the deviation produced in the pencil by both. 

When there is achromatism, the difierential of (rfj+rfg) taken 
with respect to the variation of the refractive indices, must =0. 

or rf(rfi) + rf(rf2)=0 

but at the angle of minimum deviation. Part I., Art. 85, we 

have jx, sin. -^ = sin.( ^ ^ ^ j 

.-. sin. -^ . rf^i =2 COS. ^2^^ ' ^^^ 

=^/\A-fh'sin.2^.rf(rfi) 
and similarly for d[d^ 

sin. -^ • rffx^i sin. -~ . rfjXg 

.'. 0= — T - + 



/\/l-f-i^8in.«|i /^l-)x,2sin.«J 
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or putting Pi=7^' ^"=^ 



we have ^-i= 



sin 
Pi- 



in.^/yi-f^2 8in.«-J.Gx,-l) 



^' sin. J^l-I..2«8m.2f 0^-1) 

which gives the relation between the dispersive powers and angles 
of the prisms required ; the negative sign shewing that the refract- 
ing angles of the prisms must be turned in opposite directions. 

Art. 57. Prop. To find the conditions of the most complete 
achromatism to be obtained by a triple lens. 

First, to find the diflferential of-^ in respect of the variation of 
jx, we have 

=00.-1)0+^) 

-£. 
"/ 

From Art. 80, Part I., we have for a combination of lenses 
when the aberration is neglected, 






f 

or, for a triple lens when the focal lengths are fi, /g, /g, and 
dispersive powers p^, p^ p^, respectively 

V A fi fa « 

and the differential of v most =0 for the variations of the refractive 
indices 
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... 0=^ + ^+^ 

or using the formula of Sir John Herschel, we have 
^ 1 r Ix , / 5a? \2 „ 1 



1 r 5^ . , / 5^ \^ o 1 

i{^5^ + *3(7^)V&e.} 



where the coefficient of -^ is the value of j^j, and those of — r , — , 
the values of ^2 ^^^ Ps respectively. 

Now in order that the equation may be satisfied independently 

of any particular value of , we must have the coefficients of 

a?o— 1 

each power separately =0, or 

fi fi Jz 

o=A+A+A 
f\ f% fi 

Let the focal length of the combination —F,ov 

i_J_ -Lj-JL 
^"///2 /s 

These three equations suffice to determine f^ , f^ and /g , of 
which one at least must be negative^ and another positive. 

In the triple lens we are thus able to unite the three of the 
fixed lines of the spectrum which were employed in calculating 
the coefficients a^y a,^^ a^ bi, b^, b^ and thus reduce greatly the 
residual spectrum. 

Aet. 58. Pkop. To find the condition of achromatism in two 
lenses separated by a given interval. 

Let the lenses^ in the first instance^ be supposed as in the figure; 
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andy*! the focal length of c^, f^ that of c^ ^i=^i?i> «'2==^2?2> 




then 



Qc^^Uy and the distance Cj Cg between the lenses =a, 

«^i "" /i w 

Now, when ^2 i^ ^^ achromatic focus, the differential of v^ in 
respect of a variation of jx, must =0; therefore, differentiating 
the above equations, we have 



rft?i __ p^ 



V 



2 



1 /i 

^'a _ /'a 



(^Vj 



or 



= :^-^. ^ 



/a 



•^ (^-ty 






and 



i'a 



{'-"(i-i)} 



2 



which gives the relation required, the negative sign shewing that 
one of the lenses must be concave, and the other convex. 



When a is small we may neglect c? and have 



This discussion shews us that when the achromatism of two 
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leascB in contact ia not complete, it may be improved by sepa- 
rating them; but the condition is not then independent of a. 



This fonuula 
ir=— , when wt 



I 



■nables ua to determine the dispersive ratio 

have found the focal lengths of two lenses 

which form a combination nearly achromatic, by measuring the 
distance of separation a which renders the achromatism complete. 
This is the method referred to at the beginning of this Chapter, 
and ia independent of any hypothesis as to what rays should 
be taken in order to secure the beat result in practice. 

Akt. 59. The results of the previous Propositions, which are 
treated on the usual method in achromatism, must be considered 
only first approximations. We may consider a lens as formed 
of an infinite number of virtual prisms, whose faces are the tangent 
planes to the surfaces of the lens. Now if a ray always passed 
through the lens parallel to the axis, our ordinary espressioua are 
easily obtained by the properties of prisms with small refracting 
angles, but as the rays pass obliquely in general through the 
lenses, there is strictly a small correction remaining, which 
depends on the difi'erence of the distances from the axis at which 
the ray is incident and emergent, that is upon the thickness of 
the lens and the inclination of the ray to the axis. In telescopic 
object-glasses this correction is always small. 

To shew how the usual expression for the achromatism of a 
double object-lens may j 

be obtained by the consi- 
deration of virtualprisms; 
let be the center of 
curvature of the first, (/ 
that of the second sur- 
face, PP' a line parallel 
to the axis 00'; PI, 
PI' tangents at P and 
P"; then PIF is the 
refracting angle of the virtual prism through which a ray PP' 
paBses, Draw the perpendiculars PM=P'N=y say, and IK, 
then the tangents being perpendicular to the radii, we have 
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JLl^JL PIK+ z FIK 

= z POM-^- z P'O'JV 

r $ 
and the deviation between the incident and emergent rays 

=i)=G^-i)/ 

1 r 



-^-K^]) 



-1. 
~f 

similarly in the concave lens we should have for the deviation 

2y=-JL 
f 

and ^^^-y{j-j) 

and diflferentiating in respect of jx and yif^ we have 

d[D + If) = for achromatism 



<f-i) 



as found in Art. 85, Part I. 

If the ray passes obliquely through the lens, the above result is 
not quite true. The student who feels interested in the subject 
will find the problem discussed for a telescopic lens, in a paper by 
the author, in the Transactions of the Cambridge Philosophical 
Society, Vol. VI. Part III., but the process is too long for inser- 
tion in the present treatise. The following is the equation for 
achromatism, 

Pi Pa 'l\ 1^ i>? hiPi ft* r,raJ 
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where ti is the thickness of the convex lens at its edge, r^, r^^ the 
radii of the first and second surfaces ; t^ r<^ r^ the same quantities 
for the concave lens, which has the same curvature at its inner 
surface as the convex ; also jx the refractive index for the convex, 
\f! for the concave, and 

The investigation would require modification for the object- 
lenses of microscopes on account of the proximity of the object to 
the lens, with the larger proportion of the aperture and /j, t^ to 
the radii of the surfaces. The correction would probably rise to a 
larger amount than in telescopic lenses, but in practice these 
corrections would appear to the working optician as defective 
achromatism, and would be easily remedied by changing the 
curvature of one of the surfaces. 

The achromatism of eye-pieces was explained in Art. 87, Part I. 
to be produced by the lenses being placed at such distance that 
the coloured rays, which originally constituted a ray of white light, 
emerged from the eye-lens in a state of parallelism; the result 
being produced by the ray which had the most deviation at the 
first lens, having the least at the second one. 

A similar effect takes place in a single lens, at the two surfaces, 
when the thickness is considerable. 

Euler, to whom we are indebted for the method of investigation 
used in the next article, has discussed in his work " Dioptrica,^' 
the case of a single thick lens, as well as the cases of several 
lenses. His method consists in taking the angles which the 
differently coloured rays make with the axis of the lens at emer- 
gence to be the same; when they have originally constituted one 
compound ray. Thus if <^= z T^q<^' in the next figure, we must 
have 

_ , ^ c/.tan. 6 ^ 
and therefore -j =0 . 
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Art. 60. Prop. To investigate the condition that two lenses 
of the same kind of glass may form an achromatic eye-piece. 

Let /i be the focal length of the lens C, /g that of C\ and the 




distance CC'=a; QPPq2 being the course of a ray. 



Let QC:=u, qiC=v, q^C'^v' , PM=y , P'M'^y' ; 

111 



then — — -? 

V f^ u 

y^ _qiM' __v — a 

and, tan. I^q,^' is to be the same for rays of all colours, or 
rf(tan. ^^2^0=0 



but. 



tan. PqJd'=z^ 
^^ V 



V 1/3 v — aJ 

diflferentiating with respect to jx, and equating to zero, we have, 
since y is the same for each coloured ray in QP, 

I p a p a p 



0=4+^ 



-7'^+—^ 



fi /a /a f\ f\ /a « fi 
since p the dispersive power is the same for both lenses^ and 



/i /a Vi/a «/a/ 
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> • I* — J, 

which gives the distance a required. 

For the eye-piece of a telescope u is the distance of the field-glass 
from Q the center of the object-glass, and being large compared 

with ^ we may consider -=0, which makes the investigation 

lit 

more simple for that case, and gives 



f 

For the achromatic eye-piece of a microscope — cannot be 

neglected, and we see that the lenses should be more separated 
than for a telescope. 

By the same method the condition of achromatism in an eye- 
piece consisting of three or four lenses may be investigated ; but 
in the case of three lenses one of the distances is arbitrary, and in 
the case of four lenses two of the distances are arbitrary. The 
student will find both cases investigated in Mr. Coddington^s 
Treatise, Articles 209 to 212. 

ApUmattsm, or freedom from aberration, has been already 
discussed for single lenses in Art. 37 \ we have now to consider 
it for combinations of lenses, where the aberration of one of the 
component lenses is destroyed by the contrary aberration of the 
other, or others. 

The small term in the value of - being its variation, depending 
on anr (or y^=2aT nearly), and the form of the lens, together with 
the refractive index, we may write it § . -, or 

V J U V 

M 
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and we may use 5 - to either a second or third approximation 

according to the requirements of the particular case under dis- 
cussion. 

Art. 61. Fbof. To investigate the general condition of apla- 
natism in a series of thin lenses in contact. 

Let QC=u, f^, f^y f^, &c., the focal lengths of the lenses in 
succession from Q, 



Sk l3 




v^-q^C, v^-q^Cy v^^q^C, &c. 
then we have, as above, 

^1 /l «* «^i 

— = -+- + §.— 

^8 /s ^2 Vs 

&c. &c. 

or, performing the summation we have, if we put n for the number 
of the lenses, 

^'n \// «* \ Vj 

and the aberration = § . v^ = — v„^S ( ^ • - ) 

Now in order that the combination may be aplanatic, we must 
have §.v„=0 



or 



(-i)- 
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It was found in Art. 85 that in certain cases^ convex lenses of 
the meniscus form had opposite aberration to what is the general 
direction, and hence combinations of a meniscus with another 
convex lens may be aplanatic by the opposite aberrations destroy- 
ing each other. Aplanatic lenses, however, are much better 
formed according to the method of the next article, so that achro- 
matism is secured at the same time as aplanatism. 

Cor. When the lenses are separated by given intervals a^, a^, 
flg, &c., the expressions become as follow. 



^2 /a ^1 — «i ^^2/ 

&C. &C. 



=4.-.'.. .<i) 



j__2 



and the sum S < S(- ) \ is to be formed, by the numerical calcu- 
lation of the value of each of its terms 81 — ) , 81 — I &c. 

Art. 62. Prop. To apply the condition for aplanatism to 
the case of the double object-glasses of telescopes. 

The aperture of the object-glass of a telescope is so small in 
comparison of its focal length, that we have no need to go higher 
than the second approximation, in forming the equation 



<-;)=» 



M 2 
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Referring to Art. 35, page 81, we have generally 



H> 



wr- 9 A 



= ^s{ (3f* + 2)»»' + 0* + 2)n2 + 4(|x + l)mn - -^^ 



r— i»« — 



M2/^±l)„^ 






ft-l (jx-l) 

If we put jtii, OTj, %, />!, yi, and Ai for the values of /«., jw, «, 
j9, y, and ^ for the first lens ; and (t^, m,^ n^, p^, f^ and A^ for 
the second lens, we have 

since y^^Zxr is nearly the same for the two lenses. 
We have also the equations, see Part I. Art. 85, 

/l /» 

and we have to determine the radii r^, s^y r^, ^2* respectively, of the 
surfaces of the lenses; or, which is the same thing, we have to 
find f^ and f^y with n^ and n^, when m^ is given, and therefore m^ 
is easily found in terms of m^ and f^. 

Now /i and f^ are given by the two last iequations, and we have 
only the one equation for aplanatism to determine n^ and n^i 
that is, one of these is arbitrary. 

Amongst the diflferent conditions which have been proposed, in 
order to furnish another equation, that of Sir John Herschel is 
undoubtedly theoretically the best ; the condition proposed by the 
celebrated French mathematician Clairaut, and adopted by Pro- 
fessor Barlow, that the contiguous surfaces of the lenses should 
have the same radii, convex and concave respectively, and be 
cemented together in order to save the light which is lost by 
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reflexion at those surfaces, has not been adopted for the ohject- 
glassee of teleacopea, although it ia in general use for those of 
microscopes. 

Sir John HerBchel's condition is this : the teleecope being used 
to view very distant objects, we take «[= oo .■. ??»j=0 and having 

f f 

M3= — /i, ma=-^= — 4 which is therefore known, and with 

these we obtain the equation 



0^ 



_Fi_ 



A.-y'^ 



-M 



with n„ tij, and given quantities, but the telescope may he required 
to view objects which are nearer, although u is still large, say 
more than ten times F, and m^ so small that we may neglect m-^'^ 
in forming the condition of aplanatism. We thus obtain another 
equation with tIj, n^ and known quantities, which ia merely the 
coefficient of jbj in the general expression, equated to zero, because 
the term with m^ is neglected as very small, and the term inde- 
pendent of TK] was previously equated to zero, by taking first 
m^=0. The resulting object-glass is free from aberration for 
the heavenly bodies and for terrestrial objects of considerable 
proximity. 

Sir John Herachel has given a valuable table for facilitating the 
construction of object-glasses on these conditions ; but the prac- 
tical opticians find the construction difficult, because the aberra- 
tions of the separate lenses are very large, and therefore the 
slightest deviation from the theoretical curvatures produces a very 
sensible error in the combination.* 

A similar table, calculated with one of the conditions as before 
t»i=0, and the other that one of the lenses should have the 
minimuin aberration, would probably be the most serviceable to 
the working optician, and enable him to furnish more effective 
instruments than Sir John Herschel's rules. 



• Sec a lillle Trealiso, eiititleil " Pmclical lllustratioua of the Achromatic Tele- 
scope, lleiiig tl)B aubstuuce of two Papeta read before the Sodoly of Arts." 
Mr. Ross, Londuii, 1841). 



166 OPTICS. 

Art. 63. Prop. To investigate the aplanatism of the object- 
glasses of microscopes. 

We have to determine, as in the last Article, r^, s-^y r^i s^, or 
their equivalents f^, f^, n^y n^, when w^ is small, and therefore m^ 
is large. Our equations as before, are 

F A A 

f\ /a 

^— ,,2 ^1 + » 2 ^2 

ri r2 

An additional equation would arise from the method hitherto 
practically used on the proposal of Clairaut, that is 

and the cementing the contiguous surfaces with Canada balsam^ 
has been attended with no inconvenience, on account of the unequal 
expansions of the lenses by heat, because they were always small. 

These equations suffice to find the form of an achromatic lens 
to be used as the power of a microscope which shall also be apla- 
natic; when the length of the tube of the instrument and the 
power of the object-glass are given. 

It was stated at page 151, Part I. that the powers of the best 
microscopes are now made with three achromatic lenses, which for 
a series of years were each plane on the side towards the object. 
A later improvement has been eflFected by Mr. Lister in making 
the one furthest from the object triple ; that is, two convex lenses 
of plate-glass, with a flint-glass lens between them, all cemented 
together. 

The object gained by using three achromatic lenses for the power, 
was stated to be the large quantity of light collected in the image, 
which being also very accurately achromatic and aplanatic, allowed 
it to be highly magnified and still remain bright and distinct. 



ON ACHROMATIC AND APLANATIC COMBINATIONS. 167 

If we examine the expressions for A^ and A^, Art. 62, we see 
that m^ rises to the square in the equation 

= o — Ai -\ 9~Aq 

and for any values of r^, s^, r^, Sc^, there will be generally two 
values of m^ (or none), which will satisfy the equation; and 
therefore (unless when the two roots are equal) there will be 
two positions of the luminous point, which wiU have aplanatic 
conjugate foci, if there be one such. 

Again, at these foci, although the direct aberration may vanish, 
the oblique aberration will not necessarily do so, but will remain 
of some degree of magnitude, unless the compound lens has a 
particular form. The degree and direction of this residual oblique 
aberration depends on the excess of effect by the convex or concave 
lens, according to the particular form of each, and the direction of 
the pencil through it. 

Mr. Lister discovered experimentally the two aplanatic foci of 
his piano-achromatic lenses, which are shewn to exist generally^ 
from the analysis above, and also the effect of the oblique aberra- 
tion in them, which he describes in the following terms: ^^One 
other property of the double object-glass remains to be mentioned ; 
which is, that when the longer aplanatic focus is used, the mar- 
ginal rays of a pencil not coincident with the axis of the glass are 
distorted, so that a coma is thrown outwards ; while the contrary 
effect of a coma directed towards the centre of the field is produced 
by the rays from the shorter focus. These peculiarities of the 
coma seem inseparable attendants on the two foci, and are as 
conspicuous in the achromatic meniscus, as in the plano-convex 
object-glass.^^* 

We see that Mr. Lister thought the oblique aberration an 
inseparable attendant of the aplanatic foci, but now that our 
analysis is brought to bear on the subject, we see that a single^lens 
may be free from the effect of obliquity, and therefore a double one 

♦ See Phil. Trans, for 1830, page 197. 



168 



OPTICS. 



composed of two such, see Art. 46, and as there are generally two 
values of n^ and n^, which satisfy the equation of aplanatism for 
a given value of m^, we must evidently in the cemented double 
achromatic lens take the value of n^ which gives the outer surfaces 
the nearest in accordance with those of the single lens, which 
is free from the effect of obliquity. 

The annexed figure will explain the positions of the successive 
foci in the triple achromatic power of a microscope. 

The object Q is placed so near the lower H— 
lens, that the virtual image it forms, will be 
at some such position as q^ ; the rays fall on 
the second lens as if they had come from an 
object at q^, which is still so near the lens as 
to give a second virtual image as at qc^ but 
the rays falUng upon the uppermost of the 
object-lenses, as if coming from an object so 
distant as q2, give a real image as at q^, which 
being again magnified by the eye-piece, we 
have the compound microscope completed. 

The position of Q is so near the first lens, 
that the incident pencil forms a cone of large 
angle (about 90^ in the figure), and the 
second lens must be large enough to transmit 
it also, and similarly with the third lens; so 
that if the object Q be bright we shall have a 
bright image at q^, and if it be also very 
accurately achromatic and aplanatic, it will 
bear magnifying many times again by the 
eye-piece. 



-<- 




^^ 



9C 



i*^. 



Mr. Lister having his lower lenses plano-achromatics, was under 
the necessity of using, approximately, the aplanatic foci which 
belong to such lenses, but he had still at command the focal 
lengths and distances, so that by changing these, the final correc- 
tion could be made very complete as to achromatism, as well 
as direct and obUque aplanatism. He says : ^^ The adjustment 
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for the microscope is then perfected, if necessary, by slightly 
varying the distance between the object-glasses, and after that is 
done, the length of the tube which carries the eye-pieces may be 
altered greatly without disturbing the correction; opposite errors 
which balance each other being produced by the change. 

" In combining several glasses together, it is often convenient 
to transmit an under-corrected pencil from the front glass, and to 
counteract its error by over-correction in the middle one. 

" Slight errors in colour may in the same manner be destroyed 
by opposite ones; and on the principles described, we not only 
acquire fine correction for the central ray, but by the opposite 
effects at the two foci on the transverse pencil, all coma can be 
destroyed, and the whole field rendered beautifully flat and 
distinct." 

When a thin plate of glass is placed over the object, its aberra- 
tion, which depends on the thickness, see Art. 24, will be in 
addition to those of the lenses, and hence a different separation of 
the lenses is required for aplanatism ; this is accomplished by an 
appropriate mechanism according to Mr. Rosses improvement, 
which is now universally employed in the finest English micro- 
scopes, and this adjustment is an essential point to be attended to 
when viewing the most difficult test-objects. 

Art. 64. Prop. To put the equations for a double achro- 
matte and aplanatic lens in a form for use in computation. 

In the first instance, until the forms of the lenses corresponding 
to some given position of the object at Q are determined, we take 



the formulae as applying to such a case as the annexed figui'c; 
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and have 0=^^l=^^i+^^:^^2 (1) 

T=h7, <^' 

o=a+B (S) 

Let Tsr = the dispersive ratio =— which must be given, then 

1 zj- 

from (3) •^= — J- 

substituting this in (2) 

^" /i 



• • 



and f--k^_\^^ 

which give /^ and f,^ in terms of F the focal length of the com- 
pound lens and the dispersive ratio. 

Again, u^^QC ^ —u<^^q^C-=^v^ 

J_JL J_ 

«^i " /i «*i 

_ ma 



/. 



2 



1— m. 
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Substituting in the expression for A^ Art. 62, the particular 
values, we have (1) in the form 

ri/i <• 






which rises only to the second degree in m^ n^ n^, and gives in 
general two values of any one of these quantities, when the other 
two are given. 

The above equation may be simplified by multiplying up i^^ufi 
and putting x= the refractive ratio =^ 

then filA = -x^ 

When the inner surfaces coincide for cementing, we have 



«i = -^2 



or /i(f^i~^) ^ A 

Ex. 1. Let —v=2tii for the lower lens of the object-glass of 
the achromatic microscope, and ^=n"FF7 = l*7'64 being the reci- 
procal of the dispersive ratio used by Sir John Herschel for his 
Ex. of a telescopic lens, since we place the concave flint lens 
nearest the object ; and ft^ = 1.589, 1x3= 1.519 from his example, 

.1, 1111 
then =—--—=-— 

V 2tii F Ui 
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Uj\ 2/ F 

F fi 

"i 2~2(l-w) 

/. mi = 2(l— •sr) 

= -2x .764= -1.528 
and m^ is here correctly negative, for u^ is positive and /j negative. 



and w»o= 



1— Wlj 

2 ^F 

^ 2.528 
"■ 1.764 

= 1.433 

_ l-ni(itti-l) 

^ 1 -.589^ 1 
"".589x1.764" 



= +.963-.567»i 



/-l /l« 



h'A^ 



'2 

= 5.742 



Substituting these values, we find the following quadratic equa- 
tion for % , 

0=2.907 Wi^- 3.503 n^ + .294 



.-. »i = . 6025 +^.262 
= 1.114 or .090 

Taking the first value of /ij we have 

= -.6861?' 
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^_ (f^l-l)/l 
*»-l-(f.l-l)«l 

= - 1.308 i!' 
= + 1.308 i!' 

= .37141?' 




d 






and the lens is as the 

figure drawn to the scale^ 

jF=one inch. 

If we take the other value of n^^ we have 

ri=— 8.49F 

and the first surface is much more nearly plane than in the former 
case; which approximates to the form of the meniscus in Ex. 5^ 
Art. 46^ with the oblique aberration the same as the direct^ and 
which we should consequently adopt in practice. 

Ex. 2. To find the form of the lens, when v=20u for the 
furthest of the three from the object, which has its conjugate 
focus real. 



We have 



1 



V 20u F u 

whence Wi = — .727 

m^=.979 
W3=.963— .567«i 
xT!rS= 5.742 

and with these we find that the condition of aplanatism cannot be 
satisfied, since the values of /ij in the equation 
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are imaginary, but if we equate to ^r a small quantity in place of 
zero, we find, 

;? =2.907^ + 3.097%-+ .851 



V^ 



and supposing the quantity under the radical sign to vanish, 
we have »i = — .533 

^ .533 
= 1.433 F 

, - (f^i-l)/ i 

'^-i-(^i-.iK 

= -.342F 
r2=-5i=.342-F 

= .654F /V\ 

and the lens to a scale F = one inch, Tyl ^ Cl 

is as in the figure. ^ 

This Example shews us that Clairaut's condition, of the inner 
surfaces coinciding, is not always compatible with aplanatism in 
the double lens. 

Art. 65. Prop. To investigate the equations for finding the 
form of a triple achromatic and aplanatic lens. 

We suppose the two outer lenses to be of the same kind of glass, 
crown or plate, and the middle one to be of flint-glass. 

We suppose the three lenses and the positions of the successive 
foci to be as in the figure, in the first instance, and until the 
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circumstances for any particular case are determined; and our 
equations for achromatism and aplanatism are as follows^ 



0= 



JL_ 1 1 

1 J2 /s 



J\ /a /s 



_f^i 



0= 



-1 



/*! 






2 -^1^ .. 2 -^2^ „ 2 ' 



f^2 



/^ 



'3 



(2) 



(3) 



We have to determine the six radii r^, 5^, t<^^ *2> ^3> ^s> ^^ their 
equivalents /j, ^, ^, tjj, ».2> ^3 > ^^ ^^^ ^^ ^^^^ three more equa- 
tions. These three equations may be formed on any conditions 
which establish desirable properties in the compound lens, pro- 
vided they do not lead to results incompatible with the above 
three equations. 

If the lenses are to be cemented for a microscopic object-glass. 



we have 



^2=-*i 



'•3— —^3 



or 



«a l-»*iW-l) 
/3__ /zCf'g-l) 

»3 1-W2(a«.2-1) 



(4) 



(5) 



To form our remaining equation, we may suppose the two outer 
surfaces to have their radii in the same proportion as those of 
a single lens in which the eflfect of obliquity vanishes, as found by 
the rule of Art. 46, from the expression 

»=^- 2 1 - 

where m is to be found from the given value of F and the given 
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distances QC=iti, q^C=^v^; /x being the average refractive index 
for the lens^ such that^ 



<^->(i-i)4 



ri= 



*8 



F 

then iw= — 

«i 

F 
n 

i^'-vCV-f'-i) 

l-(/i.-l)n 

Our sixth equation, therefore, takes the form s^^yr^ 

For substitution in the equation of aplanatism, we have from 
the two first equations of this Article, and remembering that 

1 1 

/i ~ Vi 
1 w 



111 



From the fourth and fifth equations, we have 



^2 



«iri-(l-iir)F 
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AgaiD^ from the positions of the successive foci, we have 

_ njri-sr—{l—mi)(l—w)F 
»»iri — (1— w;F 



^'2=a-^i)-er^-^ 



m^= 



These quantities being substituted in the equation of aplanatism 

/*! f^2 f^l 

we have a numerical equation for determining the remaining 
unknown quantity n^. 

Art. 66. Prop. To investigate the equations for finding the 
form of a double achromatic lens which shall be aplanatic to the 
third approximation. 

The equation which gives the direction of a ray refracted by 




St 



a lens to a third approximation is in Art. 40 found of the form 
1 _ 1 1 , aT(itt-l) a^r^ 

Using the same notation as before, we have for the double lens, 
as follows 



1^ 1 _J_ ^rO^ ^ 
»i /i «i 1*1* fi 



1_1 1 xrj^^-l) s^ 



and if v^ is the same for every ray, whatever may be the value 
of ar, we must have 

N 
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o=^A+^ A (1) 

0=^+^ (^) 

Now Dg must contain the coefficients of every tenn which, for 

the second lens, rises to a?V, and therefore — must be used to the 

second approximation in forming the value of A, which will thus 
yield A2 and also terms which have a^t^, 

thus L=h^ + JjhZ^A, 

1 



«2 
_ ^2 

/i ri 

If the equation (1) be solved after m^, /Xr^, jXg, w, and F are 
expressed in it numerically, we shall have a relation between n^ and 
9^2) and then the equation (2) suffices to determine them, and 
so also the form of the lens. 



CHAPTER VI. 

ON THE FORMS AND PROPERTIES OF EYE-PIECES. 

The use of an eye-piece of a telescope or microscope is to produce, 
in a position fit for vision, a magnified image, of the real image 
given by the object-glasses; and distinctness extended over a large 
field of view is the desirable property to be sought for. Now, the 
properties of lenses which produce indistinctness are the chromatic 
dispersion^ the direct and oblique aberrations, the confusion in 
excentrical pencils, and the curvature of the image which allows 
only certain portions to remain within the limits of distance 
required for distinct vision by the eye. 

The use of a single eye-lens for very critical astronomical obser- 
vations, except in all those cases where a large field is absolutely 
necessary, has the following recommendation from the pen of 
Sir Wm. Herschel, whose experience and success leave his opinion 
beyond gainsaying.* 

" Let us resign the double eye-glass to those who view objects 
merely for entertainment, and must have an exorbitant field of 
view. To a philosopher this is an unpardonable indulgence. I 
have tried both the single and double eye-glass of equal powers, 
and always found that the single eye-glass had much the supe- 
riority in point of light and distinctness. With the double eye- 
glass I could not see the belts on Saturn, which I very plainly 
saw with the single one. I would, however, except all those cases 
where a large field is absolutely necessary, and where power joined 
to distinctness is not the sole object of our view.^' 

The equi-convex is the lens which has generally been used as a 
single eye-glass. The prismatic eflfect of a thin lens on a ray 

* See Phil. Trans, vol. lxxii, pp. 94, 95. 
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passing through it at a given distance from the axis, we saw in 
Art. 59, depended on the focal length, and remained the same 
when the focal length was the same, however the radii of the 
surfaces might be changed, so that in such a lens the chromatic 
dispersion cannot be removed or reduced, with the same magnify- 
ing power. 

When the lens is thick, a small eflfect like that in the achromatic 
eye-piece takes place. 

The oblique and direct aberrations can, however, be greatly 
modified and reduced by changing the form of the lens, and from 
Ex. 9, page 85, Ex. 4, page 119, and Ex. 2, page 142, we should 
expect the plano-convex lens, with the convex surface turned 
towards the eye, to possess advantages sufficient to ensure its 
use. To shew the boundaries of the field of view distinctly, how- 
ever, the lens should be of the form found below for the field-glass 
of Huygens's eye-piece. 

Art. 67. Prop. To investigate the origin of the advantages 
obtained in Huygens^s eye-piece. 



The figure represents Huy- 
gens^s eye-piece with both lenses 
convexo-plane, and the focal 
length of the field-glass three 
times that of the eye-glass, with 
the distance between them equal 
to twice the focal length of the 
eye-glass. 



The condition of achromatism as investigated in Art. 60, is 
satisfied exactly. 

From Ex. 8, page 85, we see that the direct pencil from the 
object-glass falls in a very favourable manner, though not the most 
so, on the field-glass for small aberration. 




If we make use of the result of Art. 50, page 128, as found in 
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the Examples, in order that the excentrical pencils may have their 

angles of incidence and emergence equal, and therefore the con- 

2 
fusion very small, we have r=^/, «=2/. The convexo-plane is 

an approximation towards this form, and hence the confusion of 
the field-glass is small in the parts of the image out of the axis. 

If we examine the conditions, in order that the lens shall give an 
image of continued curvature in accordance with Art. 53 and 
Art. 46, we find that the given positions of the conjugate foci 
render our expressions unintelligible, but Ex. 3, page 143, shews 
us that the proper form for the field-glass is a meniscus with the 
concave surface towards the eye, and the image of a straight line 
is concave to the eye-glass. 

From these considerations, we perceive that the convexo-plane 
field-glass is an excellent compromise to approximate to several 
desirable but incompatible qualities, at the same time; although 
no one of these is fully acquired. 

Again, the eye-glass is not of the best form for shewing the 
central parts of the field of view the most distinctly, which, 
from Ex. 2, page 83, and Ex. 4, page 119, we see should have 
the most curved side towards the eye ; but applying the condition 
that the exQpntrical pencils should have equal angles of incidence 
and emergence, we find, as in Ex. 2, page 130, that a deep menis- 

2 
cus with radii r=^/, «= —2/ is the proper form, with the con- 
vex surface towards the incident light. 

We see that the convexo-plane lens is intermediate and a com- 
promise between the two forms, though much nearer to the latter, 
and gives moderately distinct vision over a large field, which the 
concave image furnished by the field-glass keeps within the limits 
of the distance required by the eye. 

Art. 68. Prop. To investigate the origin of the advantages 
obtained in Rainsden^s eye-piece. 




Q. 
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The lenses of Ramsdeu's eye- 
piece being, as in the figure, two 
lenses of equal focal lengths set 
at the distance of about two- 
thirds the focal length of either, 
the field-glass is plano-convex, 
and the eye-glass convexo-plane. 

The lenses are set too near together to satisfy completely the 
condition of achromatism ; and if further separated, the imperfec- 
tions and unavoidable dust on the field-glass would be seen with 
the image, magnified by the eye-glass ; but we shall see also that 
it is requisite, the real image formed by the object-glass should be 
at some distance from the field-glass, in order that its virtual 
image may be sufficiently concave to the eye-glass to produce an 
extended field of view, within the range of distinct vision. 

By the result of Ex. 9, page 85, we see that the field-glass is 
nearly in the position for its minimum aberration; and by the 
results of Ex. 5, page 120, we see that the plano-convex lens 
approximates to the meniscus, which is the correct form, in order 
that the oblique aberration may be the same as the direct. 

A deep meniscus we saw also in Ex. 5 bis, page 145, gives an 
image of a straight line which is concave to the lens in its central 
parts ; but as the pencils forming the other parts of the image fall 
very excentrically on the field-glass, we must examine the form 
and distinctness of those parts as given by the primary and secon- 
dary foci. 

To apply the expressions of Art. 51, page 133, to the case of 
the field-glass of Ramsden's eye-piece, we have r= oo, c= the 
focal length of the object-glass of the telescope nearly, and conse- 
quently very large compared with / that of the field-glass ; i=y) 
nearly, and we may suppose t the thickness small compared 
with /. 

Since the image formed by the object-glass is near the field- 
glass, we have u small compared with s and f, and need in the 
small term retain only the quantities which have u^ in the deno- 
minator, rejecting also those which have t in the numerator even 
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when they have i? in the denominator. We have then the expres- 
sions for — and — identical^ or the confusion is small in these 



Vi 



V, 



2 



circumstances^ 



thus 



l^|x-l 1 



t^i Va « 



+ 



t 



6^63 



U jX . M^ ^\iM' 8 



W 



say 



where Vi, Vq aiid v are negative, and the image virtual, as at q, q 
in the figure ; they are also to be measured from the point P. 




Taking E for the pole, let Eq=p=EF-\-P'q 
and P'q'zzzv,^ 



= t; — 



2fji^yrs 



EP'=f-\- '' ^^ ' from the approximate equation to the 

circular arc AP'. 

and putting for b its value (ft— -1)^^ also neglecting ^ in the value 
of r, we have t7=-7 — 

We have /^=-/^ + ^ f'^ in l^'-TT^J 

'^ /-« 2ft(ft-l) l'^ (/-tt)2J 



We see that the coefficient of fl^ diminishes as u from being very 
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small; is increased ; and by comparing with the approximate equa- 
tion of a straight line, namely, 

we find that the virtual image becomes concave to the lens when u 

3 

is increased, for jx=^ beyond the value .14)6^ and hence, in order 

to see distinctly a large extent of the micrometer wires and image 
formed by the object-glass, they must not be too close to the 
field-glass of the eye-piece, which is according to the rule adopted 
by Ramsden. 

The result of the discussions of Huygens's and Ramsden's eye- 
pieces shews us, that if any improved eye-piece should be found, 
it will be by taking those forms of lenses which secure the most 
desirable properties, whilst the less desirable ones are neglected. 

Art. 69. Prop. To investigate the origin of the advantages 
in WoUaston^s doublet. 

As explained at page 152, Part I., WoUaston's doublet consists 
of two lenses, of the same forms, focal lengths, and distance, as 
constitute a Huygens's eye-piece, being used for a microscope with 
the lens of the longer focus turned towards the eye. 

In the annexed figure let /^ be the focal 
1 ength of the lens c^, f^ that of c^ and the 

distance Cj, c^^-^if^-^- f^ ; also/2=3/i. 

Let Q be the place of the object, and q 
that of its virtual image given by the lens c^. 
The primary image q is viewed through the 
eye-lens c^ as if it were an object ; and the 
virtual image seen by the eye must be taken 
as at the least distance of distinct vision. 

We may, however, consider the rays emerg- 
ing from ^2 as parallel, since the focal lengths 
of the lenses are very small compared with 
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the least distance of distinct vision ; the combination being equi- 
valent to a single lens of -aV^^^^ -ru^^j 4i)th, or -^^th inch focus, 
frequently. 

Then we have c^q^f^=: 3/j , nearly 

^i^=^29'--^i^2=3/i-^(/i+/2) 

= /i nearly 
again, for the conjugate foci of the lens c^ we have 

\_^\ i_ 

1^ 

" /l 

and the object-lens magnifies the image twice, which is equivalent 
to doubling the power of the eye-lens if taken by itself. This 
coincides with the result obtained by using the rule found in 
Art. 81, Part I. 

Both the lenses are used in favourable circumstances for small 
aberrations, as shewn in Ex. 9, page 85, and they also approximate 
to the proper forms in respect of the oblique aberrations, as shewn 
in Ex. 4 and Ex. 5, pages 119 and 120. It appears, however, 
that a meniscus is the more appropriate form for the lower lens, 
both from Ex. 5, page 120, and from page 90; for the eye-lens, 
however, a meniscus would have had less direct aberration but 
more oblique aberration, as seen from Ex. 4, page 119. The 
curvature of the virtual image q would also be more favourable 
with a meniscus in place of the plano-convex object-glass, as 
shewn by Ex. 5, page 145. 

The distance required between the lenses, in order to procure 
achromatism, from page 160, should be 

u 
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and since ti=^ as found above, /. Cj 03= oo for achromatism^ 
which consequently is not satisfied. 

The effect of the diaphragm introduced by the practical opticians, 
is to limit the direct pencil and also to cut off the extreme outside 
rays of the oblique pencils, and thus contribute to the distinctness 
of the parts of the image formed by them. 



CHAPTER VII. 



ON CAUSTICS. 



In Article 18, Part I., it was shewn how the caustic curve in 
light reflected by a spherical mirror arose from the continual inter- 
section of consecutive rays, and was connected with the aberration. 
Whenever aberration exists, it is clear that a caustic will be formed, 
both in refracted and reflected light. The term caustic curve has 
been most frequently reserved for the locus of the ultimate inter- 
sections of the rays in the plane of incidence, and termed a 
catacaustic for reflexion, and a diacaustic for refraction. 

WTien the reflecting or refracting surface is one of revolution 
and the pencil incident directly, the revolution of the caustic round 
the same axis forms a caustic surface. This surface being the 
locus of the primary foci (see page 25), we may call it the primary 
caustic surface. We have seen, however, that consecutive rays 
also intersect at the secondary focus, which is always in the line 
drawn through the luminous origin and the center for a spherical 
surface, so that the assemblage of secondary foci forms a straight 
line, which is also rightly denominated a caustic. In other forms 
of reflecting or refracting surfaces, the assemblage of secondary 
foci will generally form a secondary caustic surface. In aplanatic 
reflexion or refraction these surfaces are reduced to one point, 
which is the aplanatic focus, and at spherical surfaces we have 
seen that the secondary caustic surface is reduced to a line. 

That generally there will be two caustic surfaces, as shewn by 
Mains in vol. ii. of the ^' MSmoires des Savans Etrangera" we may 
conclude from the following considerations. When rays of light 
diverge in all directions aroimd a luminous point, they will be 
normals to every spherical surface which has that point for center ; 
or their orthogonal trajectory is everywhere a spherical surface. 
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When there is aplanatic reflexion or refraction, the orthogonal 
trajectory of the reflected or refracted rays will be, in every 
position, a spherical surface with the focus for center. In other 
cases the orthogonal trajectory of the reflected or refracted rays 
will be some other form of surface, and the primary and secondary 
foci of the reflected or refracted pencil will be the centers of 
greatest and least curvature of the trajectory ; being the intersec- 
tions of the consecutive normals to that surface. 

The discussion of the properties of systems of rays, as under- 
taken by Mai us in the before-mentioned paper and by Sir William 
Hamilton in the '^ Transactions of the Royal Society of Dublin, 
1828," is an interesting subject in the higher geometry, and the 
properties of caustics and of the orthogonal trajectories are also of 
importance in physical optics, from the interference of light which 
takes place in the trajectories when they form an edge of regres- 
sion. To this problem it is now admitted the theory of the 
rainbow must be refen'ed ; but in the immediate objects of geo- 
metrical optics, such as the theory of optical instruments, the 
properties of caustics and their forms for diflferent reflecting and 
refracting surfaces are of small moment, so that only a few of the 
more ordinary cases will be here discussed. 

Art. 70. Prop. To shew that when parallel rays are inci- 
dent on a concave spherical mirror, the primary caustic is an 
epicycloid generated by a point in the circumference of a circle^ 
whose radium is one-fourth that of the mirror y whilst it rolls upon 
a circle concentric with the mirror and of half its radium. 

Let BAD be the spherical mirror whose center is C ; let F 

be the principal focus and baFd a semicircle with radius 

AC 
AF=^—^ ; let BFD be the epicycloid generated by a point in 

the circumference of a circle whose diameter is AF rolling on 
bFd ; and let QP be any one of the rays incident parallel to 
CA and reflected in PqiQz ; then, if q^ is the primary focus, it is a 
point in the epicycloid. 

Draw CaP and the rolling circle on oP as diameter, when it 
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touches the mirror at P. The angle 
of incidence (i) is z QPC, and equals 
the angle of reflexion z CPqi ; join 



aqy 



1 2- sec* i 1 
Then from Art. 11, — = '— 



and here -=0 
u 



V, 



,'. Vj = 7T COS. t 



u ft 



r 
2 



> ^ 


"^, 


^ c 


X^P^ 1 


A 


^7 



= Pa COS. % 
= Pq, 



D 



or q^ the primary focus is a point in the circumference of the 
circle aq^P, 

Again z ACP= z QPC= z CPq^, and the angle subtended 
by the arc aqi at the center of the rolling circle equals twice the 
angle PCF, and the radii are in the ratio 1 : 2, therefore the arc 
Fa= arc aq^, and q^ is a point in the epicycloid Bq^FD. 

Art. 71. Prop. To shew thai when rays diverge from a 
point in the circumference of a sphencal mirror, the primary 
caubstic, formed by the reflected rays, is an epicycloid generated by 
a point in the circumference of a circle, of one-third the radius of 
the mirror whilst it rolls on a fixed circle concentric tvith the 
mirror, also of one-third its radius. 

Let QBAD be the section 
of the mirror by the plane of 
incidence; Q the luminous 
point, and QP any incident 
ray reflected in Pqiq2' 

Draw the radius CaP, and ^ 
let baqd be the fixed circle 
whose radius Ca or Cq equals 
one-third of CA. Also on 
aP as diameter, draw the 
rolling circle as in the figure, 
and let Qeqf be the epicy- 
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cloid described by the point in its circumference. Let Qi emd q^ 
be the primary and secondary foci. Then, angle of incidence 
QPC=i=g'iPCthe angle of reflexion. Join aq^^ by Art. 11, 

1 2 sec. i 1 



Vi AC QP 

2 1 



AC COS. i 2ACco&.i 



2 AC COS. i 



Pq^=Vi=^ AC cos, i 
= aP COS. i 
and qi is in the circumference of the rolling circle. 

Again, z PC/4=2 z PQC=2i= angle which the arc aqi sub- 
tends at the center of the rolling circle ; and the radii of the fixed 
and rolling circles are equal, therefore arc aq= arc aqi, and the 
point qi is in the epicycloid. 

In other positions of the luminous point, the caustic is not a 
known curve, but can always be drawn by calculating the positions 
of a succession of points. It can be shewn, as in the next Article, 
that in all cases where the aberration varies as the square of the 
semi-aperture either for reflexioii or refraction, that the primary 
caustic has a cusp at the geometrical focus, and is ultimately a 
semi-cubical parabola. The method is that of Mr, Coddington.* 

Art. 72. Prop. To shew that when the aberration of a 
reflected or refracted pencil varies as the semi-aperture squared, 
the caustic is ultimately a semi-cubical parabola. 

Let the origin be the geometrical focus; pqiOp' the caustic, 
having a cusp at / q^ the intersection of two consecutive rays, 
one of which Pqiq meets the axis at q. 



4c u 



Optics," p. 231. 
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Let OM=:Xi q^M^y be 
the co-ordinates of q^ , 



we have tan. q^qM=^ 



_dy 



dx 



and Og the aberration, varies 



2 



as 



I ^ aperture) 
=af ^ 1 ultimately 



where a is a constant de-* 
pending on the particular case. 




Then 



Oq^OM-Mq 
=^x—yQQi,q^qM 



= a? — 



dy 
dx 



=«©' 



as above. 



Or, we have to integrate the differential equation 

dy difi 



dx 



da? 



differentiating, we have 



dy ^ J^y dy^^^dy^ d^y 
dx da? dx dx^ da? 



or 



g^a^*" 



(u%-.yo 



^=0 

da? ' 



or 






X 



The first being integrated, gives the equation of one of the 
rays ; and the second gives, as a singular solution of the differential 
equation, the curve which is the locus of the ultimate intersections 
of the rays, or the caustic in its ultimate form near O. 
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for 



dy _ 0?^ 



dx VSa 
/. y= — =rx^ by integration 

or y^=7^=-3^ the equation of a serai-cubical para- 

27a ^ 

bola. 



The primary caustic^ in many cases, can be readily found as the 
locus of the ultimate intersections of consecufive rays, by the 
ordinary method of singular solutions. 

If V=0, be the equation of one of the refracted or reflected 
rays, which contains the co-ordinates w, y to the first power and 
constants, together with an indeterminate parameter w, and we 
eliminate m between the equations 

dV 



dm 



=0 



the resulting equation is that of the caustic required. It is, how- 
ever, generally easier to treat each case according to the nature of 
the data, without reducing to the form ^=0 with only one inde- 
terminate parameter. 

Thus, let Xj y be the co-ordinates of a point on the reflecting or 
refracting curve, whose equation is f[xy y) =0, the equation of the 
ray will be of the form 

y'—y=zA{af—x) 

where ^ is a function of a?, y ; and at the point of ultimate inter- 
section x'i y' remain constant whilst a?, y, and A vary, therefore 
differentiating, we have 

dx dx^ 
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dy 



X =0? + 



dx 



dA 
dx 



also -4=-~7 since each ray is tangent to the 

caustic; and these equations give the solution from the integral 

y'=fAdx' 
or otherwise, by eliminating x, and y from the equations. 

Art. 73. Prop. To find the caustic when rays parallel to 
the axis are refledled by a concave cycloidal mirror. 

Let OPAB be the cycloid, Ox, 
Oy the co-ordinate axes, and the 
equation of the cycloid 



X 



y=za vers ^« \^2ax—ar^ 

^ a 



dx 'v 2a— X 



Let the ray QP be incident at P, 
and reflected in the line Pqiqq! ^ 
PG being the normal at P. ^ 

Now if i= angle of incidence = z QPG^^—tBiT^,--^ 




X 



and y'-'y=iA{af'-x) 

be the equation of the reflected ray, we have 

A= —tan. 2t 
cdy 



(1) 



1- 



dx 
dx^ 



V2ax—oi^ 



a—x 
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dA a^ 



and 



^ (a—xfV^ax—x^ 



diflFerentiating the equation (1) considering x' y y' the co-ordinates 
of the primary focus q^ and therefore constant whilst x and y vary, 
we have, as on the last page, 

,_ , dx^ 

dx 

^2ax^a? 
^ a 



and substituting, we have 



ax — V a—x 



taking the upper sign and integrating 



2''=/a/^- 



a __. 2x' 



dx' 



=77 vers ^ — ^ — Vox -—x'^ 
2 a 

the equation of a cycloid formed by a point in a rolling circle of 
half the radius of that describing the original cycloid. 

Art. 74. Prop. To find the form of the caustic when formed 
by the rays reflected at a logarithmic spiral, the luminous point 
being in the pole. 

Let S be the pole of the logarithmic spiral APP' whose equa- 
tion is r=a^, where /SP, any incident ray of light, =r and 

ASP=::$. 

Then if PT'be the tangent at P, the angle SPTi& constant by 
the property of the curve, and if PN be the normal, the angle of 
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TT 



incidence (i) =SPiV=^-/SPT'= constant, 

cot. i=tan. SPT 



or 



"" dr 



loge« 



let 5'i be. the primary focus, Sq^=^py and lq^SA = <l>y we have in 
the triangle SPq^ 



sin.(7r— 2i— 0— d) sin. (2«) 

_ sin. 2i 

^""^in. (2i+0— d) 

and for the locus of ultimate intersections p and <^ remain constant 
whilst r and d vary ; therefore, differentiating. 






sin. 2i r sin. 2£ cos. (2i + ^ —J) 



M sin. (2i + <^--d)^ sin.2(2i + 0-«) 
or = log^ (a) .a sin. 2i . sin. (2i + <^ — 4) + o . sin. 2i cos. (2i + ^ 
.-. tan. (2i+9— S) = - 



-«) 



log, (a) 
= — cot.f 



o 2 
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«=« + <^-2 



and 



= <^ — a 

sin. 2i 



TT 

if a =;r—i = constant 



= a 



sin. (2i+«--d) 
e sin. 2i 

sin.(^+i) 
=2.sin.«.a(^-«) 



which is the equation of another logarithmic spiral. 



Let 

then 



2sin. i=ff then. 



which shews that the caustic diflFers from the reflecting curve only 
in having a different origin of the angular ordinate. 

Art. 75. Prop. To find the form of the primary caustic 
when a dive^^ging pencil of rays is refracted at a plane surface 
of a medium. 

First, let Q the lu- 
minous point be out- 
side the medium, and 

Let q be the first 
approximate focus and 
the cusp of the caustic, 
the line AQqq^ being 
perpendicular to the 
surface and the axis of 
X. Let A be the origin of co-ordinates, QP any ray incident 
at P, and AP=y ; Pq^q iheing the direction of the refracted ray. 




Then by Art. 28, Part I., 
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q^P^li. . QP 



If the equation of the refracted ray be of the form 

y'— y=^{a<— a?) 
we have, y=AP , ^=0 

A=t2Ln. Pq^ 
^ AP 

_ y 



and differentiating the equation y' ^y=^Ax' considering x y y' the 
co-ordinates of the point where the ray touches the caustic 

then 1 = =— a?' 

dy 

, u?%? . x' 

or 1= '^ 



,.^^V4-y;y^i)]^ (1) 

substituting the values of A and of in the equation 

y'-y-^rAx' 

we have v'^- '^^^l'l^^ (2) 

and eliminating y between (1) and (2) we have 






which is the equation of the caustic and is the evolute of an 
hyperbola. 

Again, if we put - for /x we have secondly, the result for the 
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luminous point Q within the dense medium^ and the equation of 
the caustic becomes 



/v JL 



which is the equation of the evolute to an ellipse. 

The caustic formed by rays refracted at a spherical surface does 
not take a form so simple as these which have been discussed ; it 
can, however, be always described graphically by computing the 
place of the primary focus. 

The properties of diacaustics will be found discussed in the 
^^ Treatise on Caustics/^ by G. H. S. Johnson, M.A., Tutor of 
Queen^s College, Oxford; also in Coddington's ^^ Optics/' in 
Dealtry's " Fluxions,'' &c. 

In Sir John Herschel's Treatise on 'Light,' in the "Encyclopaedia 
Metropolitana," Art. 170, will be found a list of authors who have 
written on caustics. 

The form of the caustic produced by both refraction and reflexion 
in a drop of rain, in the case of the rainbow, will be found in the 
Author's Paper on that subject in Part I. Vol. vi. of the Transac- 
tions of the Cambridge Philosophical Society, and it must be also 
now discussed in the Treatises on Physical Optics. 



THE END. 
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AN 

ELEMENTARY TREATISE ON MECHANICS. 

FOR THE USE OF THE JUNIOR UNIVERSITY STUDENTS. 

SECOND EDITION. SVO., WITH NUMEROUS DIAGRAMS. 8«. ^d» CLOTH. 

This work, the subject-matter of which is treated according to the modern method 
of teaching mechanics, is adapted to students commencing natural philosophy, and 
may be mastered by those who are moderately acquainted with algebra, geometry, 
and plane trigonometry. The propositions are demonstrated analytically ; and, at 
the close of each section, examples are given, with the view of preparing the student 
for applying the general anal3rtical methods, of which he is put in possession, to the 
solution of the new problems which he may meet v^rith, relating to the diflferent 
departments of the subject. The work thus forms an advantageous introduction to 
more profound investigations. 

Although the term '^mechanics,'' in its wider sense, comprehends hydrostatics 
and hydrodynamics, in this work statics and dynamics alone are presented to the 
reader, as being its more elementary subdivisions. All the fundamental formulae of 
those sciences are proved and illustrated. In statics, after the composition and 
resolution of forces, the learner is made acquainted with the theory of statical 
couples, the properties of the centre of gravity, the mechanical powers and their 
combinations, the application of the principle of virtual velocities to the mechanical 
powers, and the laws of friction. In dynamics, the parallelogram of velocities is 
demonstrated, and the theory of impact explained (accompanied by a table of the 
comparative elasticities of bodies) with that of accelerating forces, projectiles, and 
constrained motion — the latter including the cycloidal pendulum, and a problem on 
railway curves. 

II. 

AN ELEMENTARY TREATISE ON OPTICS. 

8V0., WITH NUMEROUS DIAGRAMS. 9«. M. CLOTH. 

The object of the author is to divide geometrical optics into two parts, of which 
this treatise forms the first. Its subject comprehends the essential propositions of 
the science, and their application to the theory of optical instruments and the 
structure of the eye, presented in an elementary form (v^rith examples for exercise), 
so as to be attainable by students not very far advanced in mathematics. The 
higher parts, requiring a knowledge of the differential calculus, are reserved for 
another work. 

After laying down the general laws of reflection and refraction, and explaining the 
construction of photometers, the author proceeds to the reflection of light by plain 
and curved mirrors; the refraction of light at curved surfaces, the properties of 
lenses, and the formation of images ; chromatics, or the analysis of solar light, and 
the nature of achromatic glasses ; and the structure, power, and defects of the 
eye. The work concludes with a full account of the different forms of telescopes 
and microscopes (including the solar, oxyhydrogen, and lucemal microscopes), and 
the construction of various other optical instruments ; among others, Hadley's 
sextant, the optical square, the screw micrometer, and Wollaston's doublet and 
goniometer. The camera obscura and its use in photography are also explained. 
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dedniDi of eitcndiBE tbeli cnaanliM in anj paiticulu department^ to abtain Eipaiitunulj all the 
£-£_.»;«. A^t k«^. f^n flffnrd them- 

tbrfld parte : 1. Uechanle^ cranprehending, lichee the teriBTal theon 
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Scotfs Suggestions on Female Education. Two Lniro- 

doetory Lectures on English Llleroture uid Morit FhUoioph)', delliered in tha Lidlei' CoIIsbb, 



Greenwood's Greek Grammar, including Accidence, Ir- 

rc^litr Vifrhs, nnd Prlnvlplas of Derliatlon and CuinposiUon ^ adapted u tlia Hratem of 



CATALOGUE OF WOKKS, 



Kiihner'g New Greek Ddeetus ; being Smtmees for Tran»- 1 



Bobson's Constructive Exercises far Teaching the Etententa 



Robson's First Greek Book, Exercises and Reading Lessons^ 

•mil Csplsa VgoboteM. B«w lb* nn( Put d< Uie - -~ — _.^ ^_,. r__j — . .. 



GiUespie's Greek Testameiit Roots, in a selection of Texts, 
The London Greek Grammar. Designed to exhibit, in smalt 

OmifH, the Eleanm gf Ua Qmk LiuBjge. aubEdiaoB. Ilmo. ■■.M.,cl«:ta. 

lAjtwood^s Lexicon to Aeschylus. Containing a Critical 



Hardy and Adam^ Anaba^ of Xenophon. Expressly for 

■ctumli. VUb HMH. iDdei or Hunt, ud i Ihp. IXmo- W. Gd.. doUk. 

Greek Authors. Selected for the Use of Schools ; containing 

poRlniii of Ludui'i DUlogue*, AnKTBUu. Bnnec'i tUwI. Xedophm'i MEnHnbiUi ind Handma. 

Smith's Plato. The Apology of Socrates, tht Crito, and part 



Gic«k and RoniBB 

The Four 



wphcr. Ediled by Dr. H 



TB, E^ns of ihe DitHauty sf 



in Crreek, for the Use of Schools, 
Tayler's Introduction to the Art of Composing Greek Iambics, 

in ttDllatlob of thfl Greek Tni^dlAiii, deslgiied for the lue of BdioolA, l2mo. Is- 6d- 

Aeschyhis, Prometheus. Wellauer's Text, by George Long, 



LATIN. 
Kew Latin Reading Book; consisting of Short Sentences, 



u; irranged in ByHtenuitie 



The London Latin Grammar ; including the Eton Syntax 
HaWs Principal Roots of the Latin Language, simplified hy 

BSlaplajof Uieli IncorpoTBllaninUilhe EngUihTongDe. Siitb EdiQon. ISnio. li. Cd. cloUi. 

Sentences for Transla- 

'on^ In a ay&tema^c FrogTessiaa, TMid 



Allen's New Latin Delectus ; bein 

Um rmra Latin Into Engltgli.ana Eugllib inio LaUn ; i 
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Eobson's Constructive Latin Exercises, for teaching ike Ele- 

menWof tlie I-ansoagH on a Sjulem of Anslj^li uid SynrhMis] with Lstln ReadiiiB LiHicmg gnd 
Caplona Vix^bDluiea. TlUiduud ClwaperEditlaii, UiOfflnglLly leviaad. lamo. 4a. 6d. cIuUi. 

Hobson's First Latin Reading Lessons. With 

TncabnlariBS. Intended u an Introducliim to Cuesu. lamo. 9s. Sd. dotli. 

Smith's Tacitus ; Germania, Agricola, and First Book of 

the Ahhuj. Wltta EngUah Noteii, orlitiiul aai aeledad, aad B9tticlier'ii renurks on the style of 
T«jllus. Edited bj Dr. Wii. Shtth, Editor of the Dlcttomr) of Greeli and Eomiin Anliquitios, etc. 

Hodgson's (late Provost of Eton) Mythology for 



Hodgson's Select Portions of Sacred History, conveyed in 

doth. Kt» to ditto, RujalBro. lUs. M. oloti. 

Hodgson's Sacred Lyrics ; or, Extracts from the Prophetical 
Caesar's Helvetic War. In Latin and English, Interlinear, 

with tha Ortginil Text at the End. Ilmo. li. doth. 

Caesar's Bellum Britannicum. The Sentences without 

FttoCa. ISmo. 19. doth. 

Cicero — Pro Lege Manilia. I'imo. Is. sewed. 

Table of Reference to Cicero's Letters, in one Chronological 



Hurwitz's Grammar of the Hebrew Language. Fourth 



Merlefs French Grammar. By P. F. Merlet, Professor of 

French in Dniverelty CollBKe. London. N«w F^JHon, ISmo. as. ed. Uennd Or sold In Two 

Merlefs Le Traducteur ; Selections, Historical, Dramatic, 



CATALOGUE OF WOBKS, 



Merlefs Exercises on French Composition. Consisting of 

Slrt* tannen Um l.u(iuina. A LUl at lAlomn. vilh Eipluattou. ilaroinuU Tnoa ■U Car- 



MerUfs French Synonymes, explained in Alphabetical 

Ordar. vlUi eoploua Eiunpto ((rmn (tia " Dlciiiiiurr "' DUVcolila''). Ittno. cloth,k.«. 

Merlefs Stories from French Writers ; in French and Eng- 
Lombard De Luc's Classiqties Frant^ais ; a V Usage de la 

0( [la IJ»ii. »iKl TlniBi'j tbo Wrllen. lamo, ta,0d!.cl«ii" "' '""^ 



Hirsch. The Return of Ulysses. With a short Grammar 

mill VocubaUrj. Itmc, «i. dotb. 



Smith's First Italian Course ; being a Practical and Easy 

Mothod of I^Arnlii^ Uifl Elamentii of the lUllaD LADgon^. EdtUd from Ue Gemua of Fiupn, 



IBTTEKLINEAK TaANSLATIOlTS. 

Locke's System of Classical Instruction. Interlinear Trans- 



Phmliiu'i ViMcs of £np. 
ChhA In^ion Df eSuia. 



I 



SlmuiDdl i ttae BUtIa «f Cren; Hvl Faictini 



SIorlH fran Qsn 



Qiplsiular}' or Uie S/«aa. 



HISTORY, ANTIQUITIES, AWD LAW. 

Creasy's (Professor) History of England. With Illush-a- 



Schmiiz's History of Home, from the Earliest Times to the 

Dpaih Df Chhbjoi,. .,d. IM. NinU. fedlHon. One HundrM EngrivlDgs. limo. Ts. M. 

Robson's Questions on Schmitz'a History of Rome 

llmo. U. cIoUi. ■' "^ 
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Smith's History of Greece, from the Earliest Times to the 

RoRian ConqUFBt. WtCb Snpplgmentary cHaptsra on ths Hietm? nf Llteratnre and Art, Svn 
EdWod. OuB Hnnired EngraTingB ou Wood. Large ISmo, Ts. M. cloth. 

SmitKs Dictionary of Greek and Eoman Antiquities. By 

VHriont Welters, Seconil EdlHan, mustrated b^ Hveriil tiiuidred EngnT&ig on Wood. One 



Smith's Smaller Dictionary of Greek and Roman Antiqui- 

Ued, Abridged &oni iht l&rger Dictionarr, Keiv EditloD^ Crown 8to, 7b. 6d. c1a&. 

Smith's Dictionary of Greek and Eoman Biography and 



Smith's NeiS Classical Dictionary of Biography, Mythology, 

aud Goop-aphr- Partlj based on tJie " DIcMonary of Greek and Roman Biogmpliy and Myllio- 
logy," Thlid Edition. 7D0 ntnitraUoiu, 8td, 18i,, doth. 

Smith's Smaller Classical Dictionary of Biography, Mytho- 

loiO', and Oeoerapby, Aliridged (ram the larger IHctlonary, UlnBlratiid by SOU Engnrtngi on 
Wood, New Edldon. Crown 8vo. 7e. Ed, doth. 

Smith's Dictionary of Greek and Roman Geography. By 

vsctooB Wiilen, niualraled vitb Woodcuta of Coins, Flans of Cltlsa, etc. Two Volumes 8yo. 
■,■ Vol. I. £.\ ICi. VoL II. £3 U. 

Niebuhr's History of Rome. From the Earliest Times to 

Newman (F. W.) The Odes of Horace, Translated into 
Newman (F. W.) The Iliad of Homer, faithfully Trans- 

latDd Into Un-rhfiDed Uetre, 1 Tol. crown avo, <»a, M, cloth. 

Bathurst (Rev. W. H.j The Georgics of Virgil. Trans- 



Akerman'a Numismatic Manual i or, Guiife to the Col- 

lecHnn and Staij of Greek, Roman, and English Cohis, Dlustrated hy Engrayinga of nunj 
hundred tyjies, hy means of wliich even Imperfect and obliwrated pieces may be easily deciphered. 



Fosta-'s (Professor) Elements of Jurisprudence. 



CATAUtGnS OF WOSXBy 



BIBLICAI. XU^nSTBATION. 
Goiigh'a New Testanunt Quufations, Collated with the Serip- 

eOa vTMan AtBOjjaitl, Titmaaii, ud Cluslcil. iius « iHeeti b to bt. WW Kam mod ■ 



FUBE UATHEHATIOS. 

* De Morgan's Elements of Arithmetic. 

De Morgan's Tngonovieiry and Double Algebra. 

Kajtl Ikno. It. U. dolE. 



De Morgan's Arithmetical Books and Authors. From the 

torcntloTi of prlntiiic to Uic PrmdI Time ; being BrM NoElcia of m largB Knmlicr of Woriu 
dnwD gpfrnm jlcIDd Inapmiini. Bo;il llmo. li, ed. cloth, 

* Ellenberqer's Course of Arithmetic, as taught in the Pesta- 

Mason's First Book of Euclid. Explained to Beginners. 
Reiner's Lessons on Form ; or, An Introduction to Geo- 



* Reiner's Lessons on Number, as given in a Pestalozzian 

SebDOl It Cheitn, Snmif. Tha Uiuler'i Kuiiiiil. New EditloD, ISma. duth, Bi. The ScbnUr'a 
Pram. lamn. to. boini 

Newman's (F. W.) Difficulties of Elementary Geometry^ 

* Tables of Logarithms Common and Trigonometrical to 

FlYo riaws. Vndc- Ox auperinlmdnax of We Socirfy/w llie Biff^uim of C«f<d XtunHnitii. Fcop. 



!l 



Barlow's Tables of Squares, Cubes, Square Roots, Cube 

-—-'-' "--'t ths Superinttttilenct ^the SocitiyforitielHff'^jiiont^ Guful Ktumrteilge. KojU 



ISniD. 8b. doUi. 



Wedgwood's Geometry of the First T/iree Books of Euclid, 

By ibiKt pnut iKnn Dennldons ilonB. With an Introdncljaa on tlie Fclnclplei nF the Sciencs. 12iiio. 



■ 




■ 
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MIXED MATHEMATICS. 




* Potter's Elementary Treatise on Mechanics, for the Use of 






the Jimior DniveiKily SludenH. By RicBiM PdiiBS, A.M., t^Dfeaor of NatnraJ Philosophy In 






Unl«r.llyCallegE.LondoQ, lliri Eflldon. STo..*IUiDnmenraiW»g™™. Ss.M.clgft. 






Potter's Elementary Treatise on Optics. Part I, Con- 
















Potter's Elementary Treatise on Optics. Part II. Con- 












Potter's Physical Optics ; or, the Nature and Propertiea of 












* Newth's Elements of Mechanics,, including Hydrostatics, 






wilh NnraernM Eismplea. By SiKdBi. Newtb, M.A.. Fellow of DnlYEraHy CnUeje, LondDB. 






BocDua Edition. Largaiamo. '7i-6d.,clna,, '^ 






* Newth's First Book of Natural Philosophy ; or, an Intro- 






38-6a.,doUi. ' ' ■ ' y . 






Kimber's Mathematical Course for ike University of London, 






S«oliaiMlie,««fnIlyrBrt«d, with B New Appenmi. 8.0, IM. 




H-ATTJBAL PHILOSOPHY, ASTBOSOMY, Etc. 




Lardner's Museum of Science and Art. Complete in Twelve 






single Volnmes, IBs., oroainenul toarta. or SH DooDIo Ones, ^1 Is., dolh leltetA 






■.■ ^I,oftaBis««IyW/-i«.™(Jfo™<»,fl«h.n«.£l lU.M, 






Tho Planen i >re Ihcy InhsWKd WorWs r 


HkrosoiT'ie Dnwltie and Engraiing, 














Pojulnr FillBCies in Qneslloia of Physical 


New 1-Iai.Bts.— Leverrier and Adam's Planet 








Magnitude and Minulenesa. 






Loniir Inauencei, 


Common Thiiigj.-Tho Almmaot, 






MelForIc -Stones anil Shooting Stsn. 


Opdcal Images. 














t-ight'^'*™^''' 
















Locomotion In tho United Stutsa. 


The Tidea. 






Cometsry Inflnencei, 


Coloor, 








Common Thingj.— Man. 






The Potter*' Alt 


Magnlfring OIbjms. 






Commoii Things.— Fire. 


nBtlnri and Inlelligonce. 


^^ 




Looomotlon anil Traniport, their Influence 


The SoUr Microscope. -The Csmeni Lnclia. 








lie Magic Lajiieni.— The Gamer* Ohscnra. 


fl 




Odmm™TUng.,_The Earth. 








The Electric Telegraph. 


he Sor&co of tho Earth, or Itrst Hodons of 






TemMtrtal Heal. "^ 


Geogrsphy. 






The Sap. 


SdenoaandPoetiT. 






Earthqimlies and Voloanoea. 










Steam^a>igaliod. 
Elettro-Molfvc Power. 




















Tba'atam Knglne. 


The PrinKng Preaa." 






The Eye. 


The Crust of the B«IL. 










^^1 




Common Thlnaa.— Pomps, 


The PrE-Adamll8 liiartb. 






Common Thin Es.-^SpeclaoleB— the Kalelilo- 


EellTHcs, 


^^H 




OiK^uut Waichea. 




■ 


1 




1 
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I * Lardner on the Microscope. (From the ^^ Museum of 

* Lardner on ike Bee and White Ants. Their Manners and 

H«WH i With mmtr.tloB. of Animal Iiullnct and IntcUiHeneo (Ftdid the " Musoum of ScJeara 

* Lardner on Steam and its Uses ; including the Steam 

* Lardner on the Electric Telegraph, Popularised. With 



* A Guide to the Stars for every Night in the Year. 

Jd IVelre Planispheres. Witli ui tutrodncHan, Bra. ». Gd., Flolli. 

o's Ecliptical Charts, Hours 0, 1,2, 3, 4, 5, 7, 9, 10, 



Bishop's Astronomical Observations, taken at the Observa- 

iory, RcgEat'i Fafk, during the juni 1&39— J&!iJ. 4to. 12ii. 

Bishop's Synoptical Table of the Elements of the Minor 

PluietB. tietween Miri nnd Jnpltfr, u known at IbBbaeiniilnEansU.wlthUiepiirtiiniUiireUliDg 
lo tbcir dlMOYeiy, elc, i nrranKod aX Iha Obterralory, Kogenfs I'ark. On a Shset, Ii. 

* Minors Mechanical Diagrarns. For the Use of Lecturers 

■nd Sctaooln. 1,i Sheets of DUfnumi, mfniireA. 1M.,111iistruini{ the foUnwine sntdectB:— I iind >. 
Compiisillon of Fnim.— 3. EqiiiUbrtum.-4 siid s. Lcien,— G. SleBljard ana Bndy BalaiKe, and 



De Morgan's Formal Logic, Or, The Calcidus of Inference, 

KecBBoarf and Frobahle. 6vo- f*- fid. 

Boole's Investigation of the Laws of Thought, on which are 

rannded the MKUicmatlcsl Tbsoiiei of Uiglp and PrDbahlMea. Sid. Its., doth. 

* Neil's Art of Bensoning : a Popular Exposition of the 

PrindpiEs of Louie, liiducllve and DeSnclivc; with an Intrrfucloty OuiUne o/ the ttijlnry at 



PRINTED FOR TAYLOR, WALTON. AND MABERLY. 



LECTURES ON NATURAL PHILOSOPHY AND 
THE MECHANICAL ARTS. 



THOMAS YOUNG, M.D. 



A NEW EDITION, 



: REFERENCES A 



HITHIIUTICI, be., 



2 Vuli. Bvo. with 43 Copper-plates. £1. i>. 

IsUTered is lie Uiealic of the Kujal InttitutiiHi, Emluidj n 
Thpf an not k num comiiUqtiim from tbn olnaetit&fx wu 

from origiMl wlluj™, ud digottlng into a ijBeni evHjt. . 

Prudpln of tlut McehAJiial Saaicu that on tead lo the imnroToaDiil of the utt n 
ognaikBMi of Ufg. At tlie end q( twh IcMon ii gfnu ■ catalcgge of the wnrb af ir 

Virago utluT of ■"*■*"** Out bu Ostad of.ua xapKlm nbieeti (iactDdibg 

at Samme SociMiaa, ud Ibe bcM ud laMI patedlBTpiibUattMa), via nfermcu to the nmtt 
important puug«. Hie wk ii Ihut *.»iwiift<^ to Mrro a b Kbj, bj meaiu of whirb, acceu may bo 
obttined to tH ibt i^id^l^ lattflnd trcaaarefl dC idDiicfl; aad vuoh wiU ciuble thoK. who «» 
^ ' my putiinUar dDputmea^ to tibUia expeditioiuly iD tba 



Eiunviug and 
K drodjiiaioici, 



big oidr n 



The vnl li dindod into thm pirta H hinica, a 

idCMprntrj an ' 

L imoBtif^ OptiPf T T^ 
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WALTON AND MABEELT'S 

CATALOGUE OF EDUCATIONAL WORKS, 

AND WORKS IN SCIENCE AND 

GENERAL LITERATURE. 



The Works thus marked,* are placed on the List of Sckool-Baoks of 
the Educational Committee of the Privy Council. 



ENGLISH. 



Dr. H. G. Latham. The English Language. 

FonrUi KrtKion. 3 tok., Bvo. £1 Hi., cloth. 

*Latham's Elementary English Grammar for the Use of 
Latham's Hand-Book of the English Language, for the Use 

of students of the Unlvet^Hes andhighor ClasBesofsclioota. ardEdlUon, Snail Sro.Ts.&L, cloth 

Latham's Logic in its Application to Language. 

Latham's Elements of Englith Grammar^ for the Use of 

Ladies' GchooU. Fcap. Sio. 1b. Ed., cloth. 

Latham's History and Etymology of the English Language, 

fcr the t)Beo(Clamlcal Schools. Second EdlUoo, mvlacd. Fcap. g-m. is. W., cloth. 

Mason's English Grammar, including the Principles of 
Abbott's New English Spelling Book; designed to Teach 

OTtliiwrapb; and OrthD^y, vilh a Critical Anolrala of the Uui^nii^, an& a ClassUlcation of its 

*Abbolfs First English Reader. Third Edition. 12mt>., 
*Al)liott's Second English Header. Third Edition. 12mo. 

J B, Sd. dolb. limp. 

Newman's Collection of Poetry for the Practice of Elocution. 
ScotCs Suggestions on Female Education. Two Infro- 

diicloiT Lectures on English Llteratnro ind Moral Philosophy, delliered in Iho Lifliee' Collego, 



Greenwood's Greek Grammar, including Accidence, Lr- 
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Kiihner's New Greek Delectus ; being Sentences for Trans- 

IsttD fnta &wtA into Eb^Ui, and Ed^IUi inla Gnck ; urniRvd Id b tjttautic ProgRnloD. Truu- 

Robson's Constructive Exercises for Teaching the Elements 

rd theOmk Iao^^u^oiia S^rieoof Ajul^Msand SjnitMb, witb Greek Bfjtdiiie LasaasaDd 

Robson's First Greek Book. Exercises and Reading Lessons, 

vUh Cuvim* VoolHiliiia. BeiBg tlie Flm Fwt sf Uia " CoamctlTg Onek Eisni»B." ISmo. 

Gillespie's Greek Testament Roots, in a selection of Texto, 



IAnwood!s Lexicon to Aeschylus. Containing a Critical 

Ei^UHllim of tbe mondifflcnll Pusa^ei In tbo Ssnu TncBlle^ Ind Ed.,re'1ied. Sto. 

Hardy and Adams' Anabasis of Xenophon. Expressly for 

Scboali. Wlita HaD9. Index of Nunei, and i Map. lima. ti. «d., oloth. 

Greek Authors. Selected for the Use of Schools ; containing 

portioDa Qf Laclaa'a Dlalafnes, Anacreoo, llomer'a Iliad, Xenopboo'i tf emorabilia and UvodotoB. 

Smith's Plato. The Apology of Socrates^ thb Crito^ and part 

of the PntEDa^ vlih NdIm In EugUnIi from StaUtaDm, Schlelenniclier'i IntroilDctlan. and Eauf 
DBIht Wonbof Socratea aa a PhlloHptier. Edited by Dr. Wh. SurtH, Eftorof Ihe Dlcdonary of 
Oieek and Bomu Autiqnillo, olc. Tbiid Bdltisn. ISmo. &>.. doUi. 

The Four Gospels in Greek, for the Use of Schools, 

OrislMcli'i Text. Fcap, »n. Ik. «d., cloth. 

Tayler's Introduction to the Art of Composing Greek Iambics, 

tn ImHaUODof the Greek Tragcdlaui, designed (or the dm of Scliooli. I2niD. 3>. M. 



LATIlf. 
New Latin Reading Book ; consisting of Short Sentences, 



The London Latin Grammar ; including the Eton Syntax 

uhI Prosod/ lu English, accompoaled with Sates, Siiteenth Edition. Fcap. 8ia. I>. Cd. clolh. 

HaWs Principal Roots of the Latin Language, simplified by 

I Display at their IncorpqrallDn into the Engliah Tonpia. Siilh 'Edition. ISino. la. 6d. clotii. 

Allen's New Latin Delectus ; being Sentences for Transla- 

Ura from LnBn Inlo Engliah, and English inlo Latin i ansDgcd In u njsteniaiic ProKisMion, Tldrd 
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Bobson's CoTistructife Latin Exercises, for teaching the Ele- 

Gopuiqa Vocabnlvuu- TEiijd nod GAflikper Editioo, thDraaglUy rcvlaed, i2nv3. 4h. 6d. dotb. 

Robson's First Latin Reading Lessons. With Complete 

TQcaliiilulu. iDtenaed u in lotrodiictlciii to Cusar. 19mo. 3a. 6a. doUi. 

Smith's Tacitus ; Germania, Agricola, and First Book of 

the AHHAL3. Willi EngUsb Holts, iari;fiDal and /^ected, and BQtElcber'j remarkB on the stfle dT 
Tadtua, Ed]l«d by Dr. Wu. SutTH, Editor of tho Dictionny ot Greek aDdKoman AntiqiutJBB,Qtc- 
Thlrd EdJtioi], rcvljed and gre&tlj Unproved. L2mo. Ga. cJoth. 



ion's (late Provost of Eton) Mythology for Versifca- 
Hodgson's Select Portions of Sacred History, conveyed in 



ffodgson's Sacred Lyrics ; or, Extracts from the Prophetical 

Bud other Sciiptarea of tlie Old TeslamcDt ( adapted to LetLn VerslflutlDD In lbs pHnciinl MeOea 



Caesar's Bellum Britannicum. The Sentences vnthout 

Pdlnti. Ilmo. Is.d01h. 

Cicero — Pro Lege Manilla. 12mo. Is. sewed. 

Table of Reference to Cicero's Letters, in one Chronological 
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« 
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I 









HEBREW. 


urw 


itz's Grammar of the Hebrew 

n. Bvo. ISs.tlolh, Or tn Two Piru, soli MpBTatclTi- 
ianaSiBT*!. 98, dolL. 



Language. Fourth 



Merlefs French Grammar. By P. F. Merlet, Professor of 

Froiieh in University CoUede, Lomlon. New WlHon. ISmo, Bs. 6d. bonnd. Or mid in Two 

Merlefs Le Traducteur ; Selections, Historical, Dramatic, 

nod MiACELLArvEorrs, fctna tlie 1i9st PaEffm Weiteks, on a plan calciilat(.'d ta render reading >nd 
tramlal^on pocoliariy Hrv^ceahle in ai^qnirjiiff ihs Freneb Langnage; atKampaDied br Explanatory 



CATAIAQCE OF WORKS, 



MerUfg Exercises on French Composition. Consisting of 



Merlefs French Synonymes^ explained in Alphabetical 

Oidn, wUb aDptafu ''"T'** (trom tbe "ClctioaaiT or DunnflHu'^. lloia. dolti, >>. Gd. 

Merlefs Stories from French Writers ; in French and Eng- 

[M, IntallD(v(f|-onill«1«'<~'n«dKIeiir"). Second EdiUon. llmg. «o. doth. 

Lombard De Luc's Classiques Franqais ; a t Usage de la 



v Una ud Tinx* of Ihe Wnten. 



GEBUAIT. 

Hirach. The Return of Ulysses. With a short Grammar 



Smithes First Italian Course ; being a Practical and Easy 

Method of Lraralni Ctae ElemoiM of Uie luUu Lugiuge. Edited (Tom tbe Gemun al FiUFrr, 



INTEBLIiraAB TBAKSLATIONS. 

Locke's System of Classical Instruction. Interlinear Trans- 



Lndm^ Dliloffnei- 3e] 
TlH Odtg of Anacreon. 
Hamer^ m*d. Book I, 

ZmniiDD'a Menotubaii 
Barodotiu'i tUiluiics. . 



HISTOBT, AWTIQITITrBS, ATTD LAW. 

Creasy's (Professor) History of England. With Illush-a- 

Uons. I ™l. imiU Bto. rnifOrai with Schmlti'i " Hiilorj' of Borne," and SmiUi't " Hiiiorr 
of Orwcs. [Pripariv- 

Schmitz's History of Rome, from the Earliest Times to the 

Death of CoiikoDUj. a.d. IBS, Hiclh Edition. Oqo Hundred Eiigraviiigj. lamo. Ii. 6d. 

Hobson's Questions on Schmitz's History of Rome. 



^ 
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Smith's History of Greece, from the Earliest Times to the 

Komim ConqoMt. With SapplnnentarT Chipters on the HiBloiT of LitorsturB mid Art. Now 
saidoii. Dim Hnnllretl Engrarliiga on WDOd, Lnr^ ISnia. 78, ed-cloUi. 

Smith's Dictionary of Greek and Eoman Antiquities. By 

^^?°" Wriiera. Seconil B^tion. lllujtrated by leveral liandrea Engmvijigi on Wood. Ono 

Smith's Smaller Dictionary of Greek and Roman Antiqui- 

<aa. Abrtdged ftoui [he larger JMotiDiisrj, Mew Edition. Crown 8yo. 7b. Sd. doth. 

Smith's Dictionary of Greek and Soman Biography and 

JHytbdlogY- By Tartons ^ten. Medium sni. tUnatrated by inuneroiu Engravings on Wood. 

Smithes NeiO Classical Dictionary of Biography, Mythology, 

anil OnoBTaphy, PaillylJOMd on tJie " Dictionary of Greet and Human Wography anA Mytho- 
logy." Third EditUm. TOO lUaBtradoiu. 8ro. ISs., elolh. 

Smith's Smaller' Classical Dictionary of Biography, Mytko- 

lopy, and Gooimphy, Ahridged from tho larger Kclionary. DliiBtraled hy Mu Enpavingi on 



SmitKs Dictionary of Greek and Homan Geography. By 

£t eloth Ictli 



Niehulir's History of Borne. From the Earliest Times to 



Newman (F. W.) The Odes of Horace, Translated into 
Newman (F. W.) The Iliad of Homer, faithfully Trans- 



Bathurst (Rev. W. H.) The Georgics of Virgil. Trans- 

Uted. FoDlBtrap avn. Clolli. 4a. tid. 



AkermarCs Numismatic Manual: or, Guide to the Col- 

loctlon and Stady of G ' - -..--.■. — -^ ^- . 

hnndred tTpes, hy neant 



Stady of Greek, Roman, and Engliih Coini. llluitraled hy Engravings of nsny 
— ' ' -'■ ' '-■- —■ ' '"'——-J -' >" -—•'■■ ■'■wipheKif, 



Foster's (Professor) Elements of Jurisprudence. 



CATALOGUE OF WORKS, 



BXBUCAI. XLLUSTBATIOIT. 

Gottgk's New Testament (Rotations, Collated with the Scrip- 

n» of Iba Old THUaot is lb* oricUul U>lin<r. u4 Um V«nioa iiT the LXX. ; uid •rub the 
olMr wHUon. Afaajfbtl, Talrasdic, ■ml CUafenl, dMd or tlitgtl ■> to be. WlUi Bmu tod n 



PUKE ULATHEMATICS. 
* De Morgan's Elements of Arithmetic. 

De Morgan's Trigonometry and Double Algebra. 



De Morgan's Arithmetical Books and Authors. From the 

iDTentlaa at PrfnttiiE Id Uus PiocdI nme ; bdag Brief tfotkis of m tage' SnmlKT of W«ki 
dfawn up Cmn ActnA] I m pe ct ion. Hojtl IVmo. b. 6d.clotli. 

* EUenbergei'a Course of Arithmetic, as taught in the Pesta- 

iHilu Sduul, Wgriosp. PdmBto. Si. clalta. 

%■ m <<iuiKn Es (*< Quatiorjoi Ihit ri>l>ni on mm mdy, jn-i« iL SiL 

MasorCs First Book of Euclid. Explained to Beginners. 



Reiner's Lessons on Form; or. An Introduction to Geo- 

mvtrr, ■> gifCQ Is ■ F«Calozciui Sduol, Cbevm, Sqmr. llnia., vltlk Dninflroiu DU^wsdm. 
M. M. cIdUi. 

♦ Seiner's Lessons on Number, as given in a Pestalozzian 

Bcbool At Cbeum, Surey. Tbe Uutu't MmjiuaL Nc* Edison. IVino. dotb, 6s. Tlie SchtiM^- 
Prvla. ISmo. 3fl. bouod. 

Newman's (F. W.) Difficulties of Elementary Geometry, 

npecSulI/ thsn irhlcta conani the ^[nlgbt-lUie, tbe Flue, end ihe Tluiiry of Fsrallels, Sn. 

* Tables of Logarithms Common and Trigonometrical to 

FItb Plscxi. VTtdcr On aipn-infcndnici of Die SocitlyfiiT IM DiS'uIion of Uaifid Sjunelcdgt. Tap. 



: 



Barlow's Tables of Squares, Cubes, Square Roots, Cube 

mrrattcd. Uiulrr £*• Suptnulmdaici of Ihi Sorirfy/or [At OiJUiiioji i/ S(/W Knatclijdfe. Rojil 



Wedgwood's Geometry of the First Tliree Books of Euclid, 

KjiltteXf Tool from Deflnmom elooe, WlUmo Introdtictlou an the Priaclplei of the Science. ISnio. 
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MIXED MATHEMATICS. 

* Potter's Elementary Treatise on Mechanics, for the Use of 

Potter's Elementary Treatise on Optics. Part I, Con- 

Optical luMTQioetiU, br Ibe UK of Junior Unlvergilj Stndeota. Second EdlUon, %ja. Si. 6a. 

Potter's Elementary Treatise on Optics. Part II. Con- 

t^niDg tbe Higher FropuBitions, witti tbetr apptlutloii la Ihe more perhct Diniis of InstnuDenti. 

Potter's Physical Optics ; or, the Nature and Properties of 

Light. A I>eicr1ptln and EiperimeaUl TnaUse. IQD Dliutriitloas. Sto. 6>, Sd. 

* Newth's Elements of Mechanics', including Hydrostatics, 

Smmd CdltloQ, LarRS ISma. li. 6d., clotb. 

* Newth's First Book of Natural Philosophy ,■ or, an Intro- 

ilnctlon to [he Studf of statics, D^fiumlcs, HjdrMtatlcs sad OpUcnTitta nnmeroDa Eiemplm. iima. 

Kimber's Mathematical Course for the University of London, 



KATITEAL PHILOSOPHY, ASTBONOMT, Etc. 
Lardner's Museum of Science and Art. Complete in Twelve 



.tmluma£.l \U.M. 



sst 



Dravlnit and EagTHTlaK. 



Popnliir FttUscics In qnestioni of Pliyelcul 




Solema 


Naw Planeu.-Leierrler ud Adami PlueL 


laUmdM uid Longitudes. 




LnDBt InBtunw. 




Ketearie ati>iua and SbooUng StsTS. 


Opltcsl Inuwes. 


RBllwur Acddeiits. 




UgM.' 


Common Things.— The Looking aiasa. 


Common Thinin.— Air. 




Lo^om^on In Ibc United States. 










Common Things.-Man. 




Magni^ng Classes. 


Common Things'— Fire. 






The Solar HicroscoiB.— Tho Camera Lndda. 




The Magic Lantern.— The Camera ObKnis. 


The Moon. 


TheHiuroscope. 




The While AnK.— Their Hannsn and Habits. 


The i;iectrto TeJegraph. ' 


Tbe Sorites of Ibe Ganb, or Flist Notions of 


Terreslrisl UeM. 


Oeogrspltf, 




Sdonec and Fuetry. 




TheBM. 




Steam NavIgaUon. 




Ele^lro-MolivePo-er. 




Thunder, Liihtnifig, and Iba Aurora BoroaUi. 






The Bye. 


The Crust of IboBarth. 




Comets. 


Time. 




Ceinmon Tiling!!,— Pomps. 




Commnn TIiIiihs,— Speetaclos— Iho Kulcldo- 


Ecilpaes. 


t^^'iaiA Wat(:hes. 






• ta i^m^t HmviBook of Heckaaiet. 

• Ijtribta*» ITan/l-bookof ITydrastatia, PofmmatiBt^^M 

• Lofdner'a Hand-hoot of Op&s. 

• Lardtur'jt Band-Book of EUetriaty, 

• Lardner't liand-Booi of Astroacmy, and JfiolMrafajg^ 

• Lardrur'n Natural PhSoMophy for Schools. 3*8 J 

amm. I nL, Ivat Mm*. ■•.•«.(»«. 

Lardner'a Chemistry for Schools. 170 lUttstraHons. 

• Pictorial lUwtrations of Science and Art. With Esv/ana- 



Nnl. U.M, 

I. MHliMir JMrniK 

k WaM> OHl' Obift Work. 



* Lardner's Poptd/ir Geolorjy. (From the '^Museum of 

IhlHK* and An.~) SOI UaflnUkM, It. M. 

• Lardner's Common Things Explained, 

OifiUtlllBV: Air— Rarlli— rtrB-«r*l*r-Ttnw— TIk AlmiuiA— Ckdu _._ _, 

— Of*0W— Illltt*imjp»— PnmjB— Men— Tho E*e— The PrinUDiT Pre«— Thi PaUrr'l An— Loes- 
iDMIon and Truuiwrl — Hw Snrhn nf Ihe Earth, nr Firtt Nutinni of GwenphT, (Ffem t)w 
" ttuinim of I4«wa ul Arf) WIU JU miutTUianL Complete, »l cloth letiavd. 



• Lardner'a Popular Physics. Containing: MagniUtde and 

MlirulVMi*— AlmMphm-Tknnder ind LlichtDEng— TCTmtrUl (}fM— Meuoric Smoa— Ponabr 
fiDutu - WhMw I-hboi"'!'"— TlwnnumirlBr-iBiirMBetiir— Stfclj LMnp-miilmmh'. MIitii. 
metrta Appiruni — Klielro-MnitTe Pimv— Smnd — Hifle r.Dnura— Cunui Otncnni - Cimsn 
I.ooldi— linnlilnji nUH— Rumwoiia— 'Sdnuw and PbIft. [Frani Ihe " MnKUB ot Scleua and 
Arl/') W<ih M lUunnllana. M, U.,cl«Uilsltand. 

* Lardner'a Popular Astronomy. Containing: ffow to 

OlMcm ths ll«inm>— LnUlailsa ind LoncflDdn— Ths £ir(h— Ths Sun— The Hmn— The PlsneU: 



• th»y Inhaim«lf-Tb« » 
..fliinwn-iiul ■'- ■■-"-- 
'lal Rowlon— I'll 

rti") in 



■■UuHnm gf Sckncs si 
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* Lardner on the Microscope. (From the " Museum of 

* Lardner on the Bee and White Ants. Their Manners and 

* Lardner on Steam and its Uses ; including the Steam 



* Lardner on the Electric Telegraph, Popularised. With 



* A Guide to the Stars for every Night in the Year. 

In TwdTfl Planispheres. WiUi an Introduclion. 8yo. 6e. Bd., dolt. 

Bishop's Ecliptical Charts, Hours 0, 1, 2, 3, 4, 5, 7, 9, 10, 

11, ia, 14, 19, so, al, 21, akea at.ttiii Obsenstor;, Beeent'e Puk. Piice in. Gd. esch. 

Bishop's Astronomical Obserrations, taken at the Observa- 
tory, HegeufA Pork, dtn-lng the years 1639 — ISI^I. 4Co, 133. 

Bishop's Synoptical Table of the Elements of the Minor 

Planets, betwHn Mars and Jupiter, ds known at ihQbBirlnnlnicaf IS^,wltA ttiepartictilaiJiTelatiD^ 
to tlieir discDveiy, etc. i arrani^ at the ObserTBtory, Regent's Park. On a Sheet, la. 

* Minasi^s Mechanical Diagrams. For the Use of Lecturers 

Gomp'vslllon or FoT<]e9.— 3. EqoBihilum.-^ aiid A, Levers, — G. Steolyvd and Brady Ealanee, iiiLd 
„._,_,. .,_, ___ - n„.__, __j ..... . ,„,._. ^ ™.... n ,„ ,. puueya,— H, Uuiiler's 



LOGIC. 

De Morgan's Formal Logic. Or, The Calculus of Inference, 

Boole's Investigation of the Laws of Thought, on which are 

fDanded the Halhematiciil Theories ol Logic and rroliii,tiu!ltiea. Bvn, 11a., doth. 

* Neil's Art of Reasoning : a Popular Exposition of the 



10 CATAMXSDE OF WORKS, 

ElfQLISH COMPOSlTIOTf. 

Neil's Elements of Rhetoric ; a Manual of the Laws of 



Teaching Maps. England, Wales, and Part of Scotland. 
Outline Maps. Mercator — Europe — British Isles. Prqjec- 

Bon only: TJirce Maps, folio; dngleMapB, <d, e«rh, Pn^ectioq with OnUlas of Country: Ttiret 
Hiipe, fglls I liiiEif tUpi, 4d. each, 

DBAWINO. 
Lineal Drawing Copies for the earliest Instritction. Com- 

Portftilio. By IhcAnUiorof "DriwlDBfor YoMgChilnrsp," is. Sii. 

Easy Drawing Copies for Elementary Instruction. Simple 

Chadren." 6s. 6d. 

Said aiw In JVo StU. 
S«t I. Twsnlr-ilianhjeclsoiotiiilea on thick pastelmard, in a Portfolio. Price 3s, M, 
Set it. Forty-ons SobjKlB mounted oa thick poztcboard. Ic a PortftiUa. Prlcg 39. Si. 



Draining Materials. 

Ditto . . Ditto . paper of nupfriDr qmllty, la. Id. 



Moore's Perspective : Its Principles and Practice. By G. B. 

Mdoie. Toucher of Drawing lii Unlier^If COIlega. I/indDU. In Tiro Pirti, Tnt ind Platea. Sid. 



SIWOINO. 

The Singing Master. Containing First Lessons in Singing, 



and ths Notation 
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* I. — First Lessons in Singing, and the Notation of Music. 

d BBpecUlly Tor CUsa TpaclUcff viUi Siiloen ^orai £xerciufl| emni^ u sliOEde two-pait 

* IT. — Rudimentfiof the Science of Harmony or Thorough Bass. 

ContHinhi^ n general view of the prindploa of Huatul CompofllUDDf the KiUuro ot Chords 
uid J3lHcorile, modo of applying them, dud an cxplADHtlon oT Uualcal Teriua coDtieded with thli 

III. — The First Class Tune Book. A Selection of Thirty 

Slngls BDd Fles^g Ain, airangcd nlCb BuitBble irordg br TOimg chUdnn. Sto. U,, isved. 

IV. — The Second Class Tune Book. A Selection of Vocal 

Uiulc. adapted for jouth of dltTercut agoB, and arranged (wlt^ nltable wcrdf) aa tiro or UifH-put 



tyalaobe had^piimed 



CHBMISTBT. 



Gregory's Hand-Book of Chemistry. For the use of 

Fnnnh Edition, enlarged andrerlied. lUustrated by £ngmTii]^ on Wood, Complete Id Dim i^ge 
volume, lamD. IHb. clodi. 

%' Sold alio in Too Volianes {atparaldj)) as under. 

OtOiina CBmiiTaT. Fonrth Edillon, very coreftilly revlied'and gre»lly eolargad, 13b,, clotli. 

Chemistry far Schools. By Dr. Lardner. 170 lUustra- 

tloDB. Large llmo. 3a, fid, {Nearty Read,/-!. 

Bunsen's Gasometi-y ; comprising the leading Physical and 

Chemical PropertlpBor QaK^UgElbsrni]llthoUet)lodIorOB^ Analvili, ITaiuIilsd by Dr. Eaecoe 
SB nimtnUoiu. 8to. >i. td,, clotb, 

lAebig's Principles of Agricultural Chemistry ; with special 
Wohler's Handbook of Inorganic Analysis ; One Hundred 

and Twenty -two Exnmplfls ill netiatlag the moat impottaalproceBBearOrdptermlhitifr Che Elementary 
compoeltlDn of Mineral Snbitonce, Ldlted by I>r- A, W- UorTUAH, PrD&aaor in the Itoyol CoUo^ 
Df CbemlstTT, Large llmo- 

Liebig's Hand-Bouh of Organic Analysis ; containing a 
Parnell's Elements of Chemical Analysis. Qualitative and 
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Paj-nell on Dyeing and Calico Printing. ( Reprinted from 

IHwiaBtiona. a™.' 7»., clolh. 

Liebig's Chemistry in its Application to Agriculture and 

Fli^fllalafy. Fcmt-tlL £diUDj}| nvlHd- 6vo. liL 6d., doth, 

Liebig's Animal Chemistry; or. Chemistry m its Applica- 
tion tn Physloloer nod Pnlhology, Ihirit Edldon. PuiH. (Iha flral bM et IM workj, Byo. 
Sa. Gd., clDtli. 

• Liebig's Familiar Letters on Chemistry, in its Relations 

to FhysLolOEr. I>ieletica, AgrlciUtiire, Commerce, md FDlillcal Ecouom;, (Stu EibOm uiUW pnaj 

Liebig's Researches into the Motion of the Juices in the 



A Small Bust of Professor Liebig, in Artificial Lvo 



AiriMAL MAQirBTISU. 



Seichenhach's Researches on Magnetism, Electricity, Heat, 

Uifbt. CiTrtstllMiLtlon. ud Chcmkul AUracHon, Id illdr RcUitlDni m the Vital Farcii. TranilBlBd 
ind Edited bj Da. OucuHT, of tlie IniTeraH}' or Edinburgli, 1 vol. in. it. U. dotli. 



STEAM EWGIBTE AND RAILWAYS. 

* Lardner on the Steam Engine, Steam Navigation, Roads, 

ana RkIIwiji, Eipiidned a>i niiulnUd. Etslith Edition. With nnmereiu IllDilritiODs. I vol.. 



QEKEBAL IiirFEBATTTBE. 
De Morgan's Book of Almanacs. )Vith an Index of 

Befcrcnra £7 which the Almniui msy be (bund ftir syery Tew, whether hi Uld Stjle 6t New. IroBi 
Myf Epoch. Andenl or Moderri, np 1i> i.p. aoOU. Wltli means of fluillng tlie Day or FnUMoon, 



■ 
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1 


Guesses at Truth. By Two Brothers. Cheaper Edition. 




Z/yndalVs Business as.it is, and as it might be. Crown Swo. 

TBTi Eh*t obBimd Ihs PriM of FlOy GolnaM oOBMd by the ■■ Yoonj? Hfn'i ChrHOan Aiwdi- 






Herschell's "Far above Rubies." A Memoir of Helen S. 






RudalVs Memoir of the Reu- James Crabb ; late of South' 






Herschell (E. H.), The Jews : a brief sketch of their Present 

State Slid Future Eipectations. Fi:ap. 8fo. [s. Git., dotb. 






Knox's Christian Philosophy. An Attempt to display the 

EUdenK and EiceUenre of Kevealed EeJigl^o, bj- lu Inlemal TMHmon)-. Fap. Bvo. H. M., clotli. 






Leatham's Discovery. A Poem. Fcap. Svo. 2s, 6rf., cloth. 






Scotfs Love in the Moon. A Poem. With Remarks on 

lluil LnmUinrr. Fcap.4lo. Ss. 6d.. do!h gat. 






Common-Place Books. 

"wim ui Eipl<iiuitJoii,''Biid w Alphabet of Two UtLera oat llaf. P«n™u.?^e4 tbroiighaut 
andhalf-bouBd.9..Sd. . Si ' 






Frere's Embossed Boohs for the Blind. 






and Samufl, is. 6d. 

lit KinKi, G>. 

and KlBKi. 61. 

Eir« iind Behenilsh. Ss M. 

PraiiDiipirt]., 6a. 6d. 
Pulm^Part 1I..GL 
Pnnerlii, s», 6d. 

Duiiel'.Erthei'. ana Rulb, Bs. 6.1. 


mt.r.J"""-'"""""''"''- 

Luke! J". 
Jchn, lis. fid. 
AeW, 7,, 

O.Wian.WPl,nemoo,'si.lM. 
Hebrews to HuveLillnii, Vs. 

Piulms IVnjer Book Version) PiR I. es. 6d . 
Psalms (Praytr Book Venioo) Vut 11, Bi. 6d 

MonUng rnveri, »s, ' 
Grammar for tho Blind, an. 
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CATALOQDB OF WOBKS, 



Introductory Lectures, Delivered in University College, 



■t, M.S., PwfeuQr of CUnlca! Mediclna 



e SpBulflb lAiiffoagfi 



tb cm AledicaJ Jurlfl^tratiBiicfl. 

SESSION la^a-ao. 
.r Amos odEogliali Law, l>. 



SESSION 1937-38. 
ProlbssoT Dq Mor|;ui an tbe CBtabliabniBiil of 



ProIcBsor Mnlden i 



i6 Luigud^. Ib. fid. 






T. OeDTfQ an fianlal Sm^cry, li 



SESSION lUi-iO. 
■WllUamaon— Development of DUfor- 
le Buia nf (JnlQ-, li. Cd. 



SESSION ISftl-tH, 
FrorOBOT Chftpman on tha Re 



PHABMACY. 

Mokr and Redwood's Practical Pharmacy. The Arrange- 

^i, Apparattts, uid MaBlpulnUoM of Uib PbsnoKeutkal Shop luul Libormtot]'. lllnrtrat^ liy 



AlfATOMY. 



Dr. Quoin's Anatomy. Edited by Dr. Sharpey and Mr, 

Ellu. PrnfeMon of Juitiamy acd PhySulnw In Universltr College, Lijndoii, IllBrtraMd Irj 400 
Engrsvldgi on Wood. No* uiil CliEnper EdiUoii. Siola. BmallSio, £1 lli.lid. dolblettend. 

Ellis's Demonstrations of Anatomy. Being a Guide to the 
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Quain and Wilson's Anatomical Plates. A Series of Ana- 

Upmloal F1aE«b la l.lCbograpbf , C^et^ l^ae, at CJie fcllowing vezj low pricoa : — 

£ t. d. £ I. d. 
HCSCLES. fil Plstei Clotli ISO 910 

VISCKRA. : 



BONES AND LIQ-UKENTS. 30 Flacu 



9vDli.. RoyBllblto,faal[-ba 



SUBGEBT. 

Erichsen^s Science dnd Art of Surgery. Being a Treatise 

DU SurslcH] lojuTlflA, DLaflB-'eSf Aiid OperaUoDB. By John EHicHakN. pTotSiior of Sur^ry in Unt- 
Tenlty CoUeff°- BecDDil EditiuD, uilEirged and carefully revised. Uluatralcd by 400 Eugraringfl 

Quain on Diseases of the Rectum. By Michard Quain, 

F.R.S,, ProftMM ot Clinical Bnrgary In UiilTersltr CoUego. Second EdiUou, with addlHtPT!. ISmo. 
^l. fid. ciatb. 

Morton's Surgical Anatomy of the Principal Regions of the 
A Portrait of the late R. Liston, Esq.. Surgeon to University 

College Hoapltal. Dravn on SKne by Giitci, frutn the ortglual by £dihb. PiIcc as. ed. 



PHYSIOLOGY. 

KirJces's Handbook of Physiology. Third Edition. 

LardncJ-'s Animal Physics ; or, the Body and its Functions 

Enn^Xhirly Eiplalned. Upwarda of 600 IHastmHons. I Tol. smaU 8vo. lu. Sd. eloth. 

Comtib™. — Oeneral Vlow ot the Animal OrganlMtlini ; floneinnd LiRninpiils; MMdm; StrBctnro 
of tha Lower Anhiult; Kcrrona Syitsni : Clnnlallon! Lympballa; ResplnUon: Digratloni 
Aahnllallon; Secietloni Ihs Skin i Animal HEBt ! Schhii TodcIii Smdli Tans; Vidou; Beu- 
[ngi Voice! DeTOlopmenti Uatnrll:;; Decline; Death. 

Lardner^s Animal Physiology for Schools (chiefly taken 

from the" Animal Physio.") 170 iSnitHlions. lamn. *.M.,doUi. 



MEDICINE. 

Pharmacopoeia ad usiim Valetudinarii CoUegii Universi- 



■ WaU 



■'^P-^^ 



WALTON AND MABERLT S CATAlOGnE. 



Walshe on the Nature and ' Treatment of Cancer. By W. 

H. WitiHE, M,D., PrnfeMor of Medicine In UiUienily CpUoWi Plirsletiin lo OolrnriHy CoUegc 
Knspltsl. lad Consultlns rhrslclnn lo the Bnaiilta) for CDOBiunpUun and Diseuet or Ibo Cbeat. 



Walshe's Practical Treatise on the Diseases of the 



BaUard^s Artificial Digestion as a Remedy in Dyspepsia^ 

Apepsla, w^ their tteanllB, Fcap. Sro. u. 6d, 

Ballard on Pain after Food ; its Causes and Treatment. 
Ballard's Physical Diagnosis of Diseases of the Abdomen. 
Jones on Gravel, Galcidus, and Gout Chiefly an Appli- 

eallon of ETofotBor LiebfB's Phjsiology to Ihe Prevcnllon and Cnre of Iheso Dbesses. By H. 
Bracn Joi>Q,M.D., CwMti.. F.K.S., FellP"0(Uie Royil College of nijslclsas, Lonfloa ; Fby 
■ician lo St. Oeorge'i HoBi^tal. g™. 6fc 

Murphy on Chlorofm'm, its Properties and Safety in Child' 

MATEBIA HSDICA. 

Garrod's Essentials of Materia Medica, Therapeutics, and 

tho Fhnrmaeopwlu. Far the Ceo nt Students snii Fractmoners. By AttiEB Bisihg Oiikod, 
U.D., PTDretsor ol UstsrlB Medica uid Theupeiulcs in UnlieralCy Colloge, London. Fca[i. tvo. 



QTMlfASTICS. 



Chio.sso's Gymnastics, an Essential Branch of National 

Edautlcin. By Ciptaih Coioho, Profeator cf Gfouiutlu In Unlieniltr CiJlecB ScheoL Sto. 



Chiosso's Gymnastic Polymachinon. Instructions for Per- 

flinning a STEtenutIc Sfltlei of ExondinE on tile GymnuQc nod ColUathmJe pDlymocliiDon. Sto. 
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